UNCLASSIFIED 


_ AD  NUMBER _ 

AD032467 

LIMITATION  CHANGES 
TO: 

Approved  for  public  release;  distribution  is 
unlimited. 


FROM: 

Distribution  authorized  to  U.S.  Gov't,  agencies 
and  their  contractors ; 

Administrative /Operational  Use;  APR  1954.  Other 
requests  shall  be  referred  to  Office  of  Naval 
Research^  Arlington,  VA  22203. 


_ AUTHORITY 

ONR  Itr  9  Nov  1977 


THIS  PAGE  IS  UNCLASSIFIED 


THIS  REPORT  HAS  BEEN  DELIMITED 
AND  CLEARED  FOR  PUBLIC  RELEASE 
UNDER  DOD  DIRECTIVE  5200.20  AND 
NO  RESTRICTIONS  ARE  IMPOSED  UPON 
ITS  USE  AND  DISCLOSURE. 

DISTRIBUTION  STATEf€NT  A 

APPROVED  FOR  PUBLIC  RELEASE; 
DISTRIBUTION  UNLIMITED. 


'd  Services  Technical  Informatioi;  Agency 

of  our  limiteii  supply,  you  are  requested  to  return  this  copy  WHEN  IT  HAS  SERVED 
F*URP0SE  so  that  it  may  be  made  available  to  other  requesters.  Your  cooperation 

-  appreciated. 


{•.  WHEN  GOVERNIVDENT  OR  OTHER  DRAWINGS,  SPECIFICATIONS  OR  OTHER  DATA 
FOR  ANY  PURPOSE  OTHER  THAN  IN  CONNECTION  WITH  A  DEFINITELY  RELATED 
'tVMENT  PROC  tREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
*  pCNSmiLITY,  NOR  ANY  OBLIGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
ViVfflNT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANTl^  WAY  SUPPLIED  THE 
^uAWINGS,  SPE(HFICATI0NS,  OR  OTHER  DATA  IS  NOT  TO  BE  REGARDED  BY 
‘  fijioia  OR  OTHERWISE  AS  IN  ANY  MANNER  LICENSING  THE  HOLDER  OR  ANY  OTHER 
y  OH  CORPORATION,  OR  CONVEYING  ANY  RICmTS  OR  PERMISSION  TO  MANUFACTURE, 
^ ..7EI.L  A^IY  PATENTED  INVENTION  THATT^IAY  IN  ANY  WAY  BE  RELATED  THERETO. 


Reproduced  by 

DOCUMENT  SERVICE  CENTER 

KIHOTT  BUILDING,  DAYTON,  2,  OHIO 

NCLASSIFIED 


!  !  !  ? 


Baharioral  Uod«l«  Arojaot  s 
(nM2>IlG) _ 


TBCHRXCAL  REFORI  10.  6 

I 


A  Surray  of  th»  Theory  of  Ommb  ' 


by 

B.Oonoon  Lum  and  Boaojrd  Balffh 
April  19M 


I I  IntroduotioB 
II t  In  proporotion 

III  t  a-Peraon  OaoitaB 
ZVt  In  praparation 


CD.5-64-iK)BI  266(21  )«BA!>R  ^ 


■i 


Bureau  of  Appllod  Sooial  Baaaaroh 
Heir  Tork  27,  H.T. 


Zh*  aeeoapasTlBC  tbsor/  eoB*l«ts  of  two  parts  of  a 

ir^port  wMeh  in  final  Torsion  will  hare  fonr  parts.  The  onlttad  parts  will 
oc/Tor  ^person  theory  and  tho  relation  between  came  theory  and  Tarlons 
topies  noh  as  atatlstles,  linear  procnmmlnc,  ete.  I  am  sendlac  yon  this 
ineosQilete  rarslon  beoansa  I  shonld  like  to  rooolTe  erltlelsas  of  the  work 
as  soon  as  possible:  to  this  end  let  no  cite  the  nltlaate  purpose  of  the 
renort. 


It  la  one  of  a  series  of  reports  belnc  written  l^y  warlcms  people 
on  nathenatleal  models  In  the  behavioral  selMkoes.  They  are  expository  in 
nature  and  they  are  deslcned  primarily  for  two  andleneos: 

1.  social  scientists  vlth  sosie,  bat  limited,  nathesiatleal  tmlnlne 
who  wish  to  find  out  sane  of  the  structure  and  of  the  condluslons  of  the 
Tarlous  aathanatleal  nodal  a.  but  who  have  neither  the  Interest  nor  the 
nathaantlcal  sophistication  to  follow  detailed  formal  proofs; 

2.  nathenatloiana  Interested  In  mathematloal  applications  in  the 
social  sciences  who  want  a  quick  surrey  of  the  area  and  who  can,  If  they 
become  interested,  obtain  the  isatheeMtieal  details  from  books  and  articles 
referred  to  In  the  exposition. 

When  these  renorts  are  finolly  Issued  as  a  unit,  they  will  be 
accjaraanled  by  a  short  exposition  of  some  basic  mathematical  concepts  and 
notations,  for  example,  terns  like  ut,  fUnotion,  relation,  prodwt  space, 
etc.,  and  notations  like  6  ,  U  ,  O,  CT, ste.,  will  be  eiplalned.  It 
was  felt  that  It  was  better  to  do  this  In  one  place  rather  thsu  to  try  to 
make  each  report  completely  self-contained, 

I  would  very  much  appreciate  It  If  you  can  spare  the  time  to  cIts 
tills  partial  report  a  critical  readlnc  with  thece  alms  and  facts  in  mind, 
fknd  you  nay  be  sure  that  In  preparlnc  the  final  draft  I  shall  put  to  cood 
use  any  (preferably  detailed)  oosBients  you  care  to  make. 


Sincerely, 

B.  Duncan  Luce 


Bureau  of  Applied  Social  Research 
4^7  V.  117th  Street 
few  York  27,  Hew  York 
April,  1951 
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In  all  of  nan's  wrlttan  record  there  has  bean  a  preoccupation 
with  aituatlona  in  which  there  ie  a  conflict  of  Interesti  poewlbly  only 
the  subjects  of  God,  love,  and  Inner  struggle  have  received  cooparable 
attention.  The  scientific  study  of  IntereBt  conflict,  in  contrast  to  Its 
description  or  its  use  as  a  dramatic  vehl.cle,  comprises  a  small,  but  gr-ow- 
ing,  portion  of  this  literature;  as  a  reflection  of  this  tr*nd  we  find  today 
that  conflict  of  interest,  both  among  Individuals  and  nnon^  institutions, 
is  one  of  the  more  dominant  concerns  of  at  least  seveoral  of  our  aeademie 
departments t  econcolcs,  sociology,  political  science,  an*  other  areas  to  a 
lesser  degree. 

It  is  not  difficult  to  oharacterlr.s  in  an  imprecise  way  the  major 
aspects  of  the  problem  of  Interest  oonflict;  An  individual  is  In  a  situation 
from  which  one  of  several  possible  outcomes  will  result  with  respect  to 
•hich  he  has  certain  personal  preferences .  Howev  r,  though  he  a»ay  hav.  some 
control  over  the  variables  vdvlch  determine  the  outcoire,  he  ioei  not  hav» 
full  control.  Sometimes  this  ie  in  the  hands  of  rfcvera.l  'd  dua  I  5  dio 
like  •,  loi  have  t'r  ^if  erences  amonp  the  possible  outcomes,  but  eio  Ijj 
do  not  agree  in  their  preferences.  In  other  cases,  chance  evesits  (which  are 
sometimes  known  In  law  as  "acts  of  God")  as  well  as  other  individuals  (who 
may  or  may  not  be  affected  by  the  outcome  of  the  situation)  may  Influnnce 
the  final  outcome.  The  types  of  behavior  which  result  from  such  aituat-lons 
have  long  been  observed  and  recorded,  and  it  Is  a  challenge  to  devise  theories 
to  explain  the  obser’-utions  and  to  formulate  principles  which  should  guide 
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Intelligent  action. 

The  literature  on  eiich  problems  la  so  Taat,  so  apeclallxed,  and 
so  rich  In  detail  that  It  is  utterly  hopeless  to  attespt  even  a  sketch  of 
Itc  However,  the  attempt  to  abstract  a  certain  large  class  of  these  problems 
Ir.to  a  matneaatlcal  system  forms  only  a  small  portion  of  the  total  llteraturei 
In  fact,  asld'^  fron  spo^sdic  forays  in  economics,  where  for  the  most  part 
att.?mpts  have  been  made  to  reduce  It  to  a  simple  optltnlzation  problem  'Atilch 
can  ba  -dealt  with  by  th*'  calculus,  or  In  more  sophisticated  formulations  by 
the  c  ilculus  of  TariatloTiS,  the  only  mathematical  theory  so  far  put  forth 
la  th"  theory  of  games,  our  topic  her*.  In  some  ways  the  nar e  'Qaae  Theory' 

Is  unfortunate,  for  it  suggests  that  the  theory  deals  with  only  the  socially 
unimportant  conflict  of  interest  found  in  parlor  games,  wherw^s  It  is  far  more 
general  than  that.  Indeed,  von  Neumann  and  'iorgenstem  entitled  their  now 
classical  book  The  Theory  of  Games  and  Economic  Behavior,  presooably  to 
forestall  that  Interpretation,  although  this  does  not  enphasLzs  the  even 
wider  ap;.llcabillty  of  the  theory. 

The  modem  mathenatleal  approach  to  interest  conflict  -  game 
thttory  -  Is  generally  attributed  to  von  Neumann  in  his  papers  of  1928  and 
If* 37  [,  Ji  although  recently  Frechet  has  raised  a  question  of  priority 
by  suggesting  that  several  papers  by  Borel  in  the  early  '20's  really  laid 
thr  fc.undutlons  of  game  theory.  Theee  papers  have  been  translated  into 
■/;,;  Llsh  and  republished  with  comments  py  Frechet  and  von  Neumanra  [  3  • 

' ! Borei  gives  a  clear  statement  of  an  Important  class  of  game  theoretic 
problems,  it  is  pointed  out  by  von  Neumann  that  he  did  not  obtain  one  crucial 
rasviit  -  the  mlnimax  theorem  “  without  which  no  theory  of  games  can  be 
Slid  to  exist.  In  fact,  Borel  conjectured  that  the  minlmax  theorem  is 


s 


-  -t: 
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f=»l3e  In  although  he  did  proTe  it  Is  true  in  certain  special  cases, 

▼on  Neusann  proved  It  true  under  general  condtlons, 

■If  ~iOT>3  Interest  than  a  debate  on  priority  Is  the  fact  that 
neither  gr>iup  of  papers  ~  the  one  in  France  and  the  other  In  Germany  - 
attract'^y;  .-nuch  attention  on  publication.  There  are  almost  no  other  papers 
than  those  mentioned  before  the  publication  in  1944  of  the  book  by  von  Neumann 
arivi  ''.orgenstem,  and  those  were  confined  to  the  mathematical  Journals. 
‘^Pf^iarently  no  Interest  was  stimulatod  in  the  empirical  sciences  most  con— 
c-’med  with  conflict  of  Interest.  Fortwiately,  von  Neumann  and  Morgi^'nstern 
attempted  to  write  their  book  so  that  a  patient  scientl st  with  limited  matho— 
avitlral  training  could  absorb  the  motivation)  the  reasoning)  and  the  con¬ 
clusions  of  the  theory}  Judging  by  the  acclaim  and  Interest  evidenced  in 
non-'^atheraatlcal  JoumalS)  as  well  as  in  the  mathematical  oneS)  they  were 
not  without  success  In  this  aim.  Only  a  very  few  scientific  volumes  as 
Tiathematlcal  as  this  one  have  attracted  as  much  attention  and  admiration)  and 
yet  ••  know  that  much  of  the  material  had  lain  dermant  in  the  literature 
for  two  decades.  Ore  can  only  speculate  on  the  sociological  factors  at 
work  to  alter  the  response,  but  presumably  the  recent  war  may  have  been  one 
of  the  most  important.  During  that  period  there  developed  a  considerable 
Interest  in  a  scientific,  or  at  least  systematic)  approach  to  problems  which 
previously  had  been  considered  the  exclusive  p '-evince  of  men  with  "experience." 
These  include  such  topics  as  loglstlcS)  submurlne  search,  air  defense,  etc. 
uame  theory  certainly  fits  into  this  trend,  and  it  is  probably  the  most  sophis¬ 
ticated  theoretical  structure  so  far  resulting  from  it.  The  sustained  activity 
and  Interest  in  game  theory  is  in  some  considerable  measure  attributable  to 
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th«  HAND  Corporation,  which  la  Itself  very  much  a  product  of  the  same  war 
and  postwar  phenomoofia 

It  Is  ai'.o  of  Interest,  though  not  directly  relevant  to  the  theory 
Itself,  that  theory  is  primarily  a  product  of  mathematicians  and  not 

of  scientists  from  the  enplrlcal  fields..  In  larg*“  part  this  results  from 
the  fact  that  the  theory  was  originated  by  a  taathematlcian  and  was,  to  all 
intents  and  pur.iosesj  first  presented  tn  book  form  as  a  highly  formal  (though, 
for  the  most  pact,  elementary)  structure,  thus  tenrilnE  to  irake  it  acces.;lble 
as  a  research  vehicle  only  to  mathematicians ^  Indeed,  the  total  impact  of 
game  theory  has  been  greater  in  mathematics  than  In  the  empirical  sciences, 
where  its  technl-iues,  though  no  longer  its  results,  have  ctused  a  not  In¬ 
considerable  revolution  in  the  formal  =itions  of  mathematical  atatlstlcso 

iame  theory  does  not,  and  probably  no  raathematict,!  tbepyy  c&uid, 
encoiapass  all  the  diverse  problems  which  are  included  in  oiir  brief  character- 
iz.-ition  of  conflict  of  interesto  In  this  introduction  we  shall  try  to  cite 
the  main  features  of  the  theory  and  to  present  some  substantive  problems 
Included  in  its  framework o  The  reader  will  easily  fill  in  examples  not 
now  in  the  domain  of  the  theoi'y,  and  as  we  discuss  our  exar'ples  we  shall  point 
out  some  other  important  cases  which  are  not  covered o 

First,  with  respect  to  the  possible  outcomes  of  the  given  situation. 
It  is  assttiod  that  they  are  well  specified  and  that  each  ijidlvldvial  is  able, 
either  directly  or  indirectly,  to  assign  a  numerical  utilli.y  (to  all  intents 
and  purposes  a  money  value)  to  each  of  them  in  such  a  fash.. on  that  one  with 
a  larger  n'omerical  utility  is  preferable  to  one  witb.  r*  oma  ler  utilltyo 
Thus,  the  assumed  individual  desire  for  the  preferred  outcomes  becomes,  in 
ga-me  theory,  a  maximisation  problem  with  respect  to  a  numerical  utility 
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defined  over  all  possible  ou'^comSc 

:>«»corvJ,  the  variables  •mich  control  the  possible  outcones  ere 
Also  nssume'l  »«  'v  well  that  ia^  one  can  precisely  characterize 

all  the  vbrlat.ies  anc  all  the  values  xrhlch  they  niay  asauae.  Actually,  one 
nay  beat  thlnr  -f  thase  variables  as  groupod  In  n-r?  claassa  if  there  are 
n  individuals  in  tha  situation,  or  in  the  tersdnology  oi'  the  theory,  if  it 
la  an  n-p«r&on  To  each  person  ia  eaaociated  cno  of  tha  classes,  ehioh 

reprer.^eitfl  his  domain  of  choice,  and  the  one  left  over  ia  within  the  province 
of  chance. 

As  we  said  earlier,  in  thia  type  of  conflict  situation  we  are 
interested  Ir  only  some  of  the  resulting  behavior.  Actually,  our  eurioalty 
way  encompass  ail  of  It  -  the  tenalons  resultlnij,  suicide  rates  or  frequency 
of  nervous  disorder,  aggressive  behavior,  urithdraval ,  changes  in  personal 
or  business  strat«igy,  etc.  —  but  of  these,  any  one  theory  will,  presumably, 
deal  with  only  a  siaall  subset.  At  present,  game  theory  deals  with  the 
ohuices  people  may  make,  or,  better,  the  choices  they  should  wake  in  a 
eense  to  be  defined,  in  the  resulting  equilibrlua  outcomes,  and  in  acme 
aspects  of  the  coamunication  and  collusion  which  may  occur  among  sets  of 
players  in  their  attempts  to  improve  their  outcomes.  While  mush  of  twhat 
Is  socially,  individually,  and  8clentiflc'U.ly  interesting  is  not  a  part  of 
the  theory,  certain  important  aspects  of  our  social  behavior  are  included. 

A  theory  such  as  we  are  discussing  cannot  come  into  existence  /dth— 
out  assumptions  about  the  Individuals  with  idilch  It  purports  to  be  ccmcemed. 
rle  have  already  stated  one:  each  Individual  strives  to  mart  miss  his  utility. 
Care  must  be  taken  in  Interpreting  this  assumption,  for  ”  person's  utility 
function  may  not  be  identical  with  sooie  itunerloal  measure  given  in  the  game. 
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For  exaaple,  poker  is  a  gane  •dth  numerical  payoffs  assigned  to  each  of  the 
outcomes  when  it  is  played  for  money,  and  one  way  to  play  the  game  is  to 
maximize  one's  exjjected  outcome,  but  there  are  players  who  enjoy  the  thrill 
of  bluffing  for  its  own  sake  and  they  do  so  with  little  or  no  regard  to  the 
expe-.'ted  payoff r  Their  utility  functions  cannot  be  identified  with  the 
game  money  payments.  Indeed,  there  are  those  who  feel  that  the  maximization 
assumption  itself  Is  tautological,  and  that  the  empirical  question  is  whether 
or  not  a  numerical  utility  exists  in  a  given  case.  Assuaing  maximization 
of  a  nuaerlcal  utility.  It  is  quite  another  question  how  well  the  person 
knows  the  functlor.,  l.e.,  the  numerical  utility,  ha  is  trying  to  maximiza. 
Game  theory  assmes  he  knows  It  in  full.  This,  and  the  kindred  assumptions 
about  his  ability  to  perceive  the  game  situation,  are  often  subauaed  under 
the  phrase  "the  theory  assumes  rational  players."  Though  It  Is  not  apparent 
frora  some  writings,  the  term  "rational"  is  far  from  precise,  and  it  certainly 
meauis  different  things  in  the  different  theories  i4ilcb  have  been  developed, 
but  loosely,  it  seems  to  include  any  assumption  one  makes  about  complete 
knowledge  on  the  part  of  the  player  in  a  very  complex  situation,  where  it 
Is  known  fi  xn  experience  that  any  huaan  being  would  be  far  more  restricted 
in  bis  perceptions.  The  immediate  reaction  of  the  empiricist  seems  to  be 
that  such  assumptloos  are  so  at  variance  with  known  fact  that  there  is  little 
point  to  the  theory,  except  possibly  as  a  mathematloal  exercise,  -Ve  shall 
not  attempt  a  refutation  so  early,  though  we  feel  we  have  given  some  defense 
in  the  body  of  the  repoirt.  Usually  added  to  this  criticism  is  the  patient 
query:  :rt>y  does  the  mathematician  not  use  the  culled  knowledge  of  hunan 
behavior  found  in  psychology  and  sociology  when  formulating  his  assumptions? 
The  answer  is  simply  that,  for  the  moat  part,  this  knowledge  is  not  in  a 
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auffiolontly  precise  form  to  be  Incorporated  as  assumptions  in  a  natheraatical 
model.  Indeed,  it  Is  to  be  hoped  that  the  unrealistic  aesianptlona  and  the 
resulting  theory  will  lead  to  experiments  designed  in  part  to  Inprove  the 
descrlptlre  character  of  the  theory. 

In  sunnary,  then,  one  formulation  of  the  game  theoretic  situation 
Is  the  following i  There  are  n  players  which  we  may  label  by  the  integers 
l,2,...,no  Fjich  player  i  virill  be  required  to  make  one  choice,  let  us  call 
the  ore  he  makes  from  a  set  of  possible  choices,  and  these  choices 
will  be  made  without  any  knowledge  of  the  choices  of  the  other  players. 

The  set  S^,  the  dooudn  of  possible  actions  of  player  1,  may  include  as 
elements  autsh  things  as  "playing  an  ace  of  spades,"  or  "to  produce  tanks 
Instead  of  automobiles,"  or,  more  important,  a  strategy  covering  the  actions 
to  be  taken  in  all  possible  eventualities  (see  below).  Now,  given  the 
choices  of  each  of  the  players,  l.e.,  the  elements  (Sj^,S2»»o.,8j^)  of  the 
product  space  S^xS^x. . .xS^,  then  there  is  a  certain  outcome,  utility,  for 
each  of  the  players.  Clearly,  the  outcome  is  a  function  of  the  element 
selected  in  the  product  space  S]^xS2X...xS^  and  so  it  may  be  denoted 
>(i(s2.,82, ooo,8q),  where  1  runs  from  1  through  n.  The  function  Is  real¬ 
valued  and  it  prescribes  the  utility  to  player  1  of  the  outcome  of  the 
situation.  This  characterization  of  the  game  we  shall  come  to  know  as  the 
normalized  form  of  the  n-person  game.  Two  other  forms  -  the  extensive  and 
the  characteristic  function  form  —  will  play  Important  roles  in  our  sub¬ 
sequent  discussion}  but  there  is  no  need  to  go  into  that  now. 

Next  we  should  consider  tdiat  significant  problems  of  conflict  of 
interest  are  included  in  this  formulation.  Our  brief  examination  will  cover 
four  areas:  economics,  parlor  games,  military  problems,  and  politics.  One 


basic  •canonic  situation  inTolrea  ••varal  producers,  each  attonpting  to 
naxinlse  his  profit  but  aaoh  taring  only  a  llaitad  control  over  the  rariablea 
which  deteraine  it.  One  producer  will  not  hare  control  over  the  variables 
controlled  by  another  prodtacer,  and  yet  these  variables  nay  vary  well  in¬ 
fluence  the  outcoaa  for  the  first  producer.  One  may  object  to  treating  this 
as  a  gene  on  the  grounds  that  the  game  model  supposes  that  each  producer  i 
makes  one  choice  from  a  domain  of  possible  choicee,  and  that  from  these 

single  choices  the  profits  are  detenalned.  Rut  it  ia  obvious  to  all  that 
this  is  not  the  case,  else  industry  would  have  little  need  for  boards  of 
directors  and  the  suny  elaborate  ezeentive  apparatus.  Rather,  there  is  a 
series  of  decisions  and  aMdlfying  decisions  which  depend  on  the  choices 
and  the  timing  of  other  members  of  theeeonomy.  However,  in  principle,  it  is 
possible  to  imagine  that  an  executive  foresees  all  possible  contliigencles 
and  that  he  dsacribes  in  detail  the  action  to  be  taken  in  each  ease  Instead 
of  Biseting  each  problem  as  it  arises.  By  "describe  in  detail"  we  mean  that 
the  further  operation  of  the  plant  can  be  left  in  the  hands  of  a  clerk  or  a 
machine  and  that  no  further  interferenoe  or  clarification  will  be  needed  from 
the  executive.  For  example,  in  the  game  tlc-tac-toe,  it  ia  perfectly  easy 
to  write  down  all  different  possible  situations  which  may  arise  and  to  specify 
what  shall  be  done  in  each  case  (and  for  this  reason  it  is  considered  by 
adults  to  be  a  dull  game).  Such  a  detailed  specification  of  acticos  is 
called  a  (pure)  strategy.  There  is,  of  course,  no  reason  why  the  domains 
of  action  need  be  minor  decisions)  they  may  have  as  elements  the  various 
pure  strategies  of  the  players.  Looked  at  this  way,  a  player  chooses  a 
strategy  which  covers  all  possible  specific  circumstances  idilch  may  arise. 

For  practical  reasons,  it  is  generally  not  possible  to  specify  economic  strato- 


1-9 


gies  in  full,  and  as  a  result  a  business  strategy  Is  usiuilly  in  practice 
only  a  guide  to  action  urtth  respect  to  pricing,  production,  advertising,  hiring 
etc.,  *(hlch  does  not  state  in  detail  either  the  conditions  or  the  actions  to 
be  taken o  The  game  theory  notion  of  strategy  is  an  abstraction  of  this 
ordinary  concept  In  which  It  is  supposed  that  no  ambiguity  remains  with 
respect  to  either  the  conditions  or  the  actions,  and  it  serves  the  function 
of  eliminating  the  apparent  difficulty  in  applying  the  game  theoretic  model 
to  economic  problems.  The  notion  of  a  pure  strategy,  and  some  related  concepts 
will  receive  considerably  more  discussion  in  part  III. 

A  more  important  difficulty  obtains  in  most  economic  problems  which 
prevents  them  from  being  put  in  game  form,  except  approximately.  In  general, 
it  is  not  possible  to  specify  the  spaces  S^,  the  strategy  spaces.  This  is 
not  merely  a  practical  difficulty,  as  suggested  above,  but  it  is  in  many 
cases  not  even  possible  in  principle,  for  tomorrow's  new  Invention  or  sci¬ 
entific  discovery  may  open  a  whole  new  range  of  activities  to  one  producer. 

Hcvt  can  such  a  possibility  be  Imbedded  in  a  theory?  One  can  only  hope  to 
obtain  limited  prediction  when  such  a  possibility  exists,  using  the  present 
spaces  9^.  This  seems  to  be  regarded  by  many  eocial  aclentlats  ae  a  ter¬ 
rible  inadequacy,  and  yet  it  is  a  ccmmon  difficulty  in  all  of  physical  science. 
It  is  analogous  to  a  physical  prediction  based  on  a  i^iysical  theory  and 
certain  boundary  conditions,  which  is  surely  invalidated  If  the  boimdary  condi¬ 
tions  are  changed,  either  externally  or  through  the  very  process  wlilch  is 
being  predicted.  In  many  ways,  social  scientists  seem  to  want  from  a  mathe¬ 
matical  model  more  compr^enslve  predictions  of  complex  social  situations 
than  have  ever  been  possible  in  applied  physics  or  engineering;  it  is  almost 
cei*tain  that  their  desire  will  never  be  fulfilled,  and  so  either  their  asplra- 
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tiooa  will  b«  changed  or  formal  deductive  aystema  will  be  dlacredited  aa 
far  aa  they  are  conoemed. 

To  turn  from  eeanoalca,  it  la  eell  known  that  for  parlor  gaaae 
there  la  alrnya  a  olear-cut  acoring  proeadura.  In  acne  gaaaa  which  are 
played  for  atoney,  auch  aa  poker,  there  ia  a  finely  graded  nuaerloal  acale 
aabigned  to  the  outconea.  In  othera,  euoh  aa  ehaea,  the  outcome  ia  aiaply 
winning  or  locing,  but  one  can  aaaign  a  more  or  lesa  arbitrary  nu&ai'loal 
acale,  auch  aa  0  or  1.  Very  often  it  ia  the  ala  of  the  player  to  naxlffliza 
hie  expected  gain  aa  deacribed  the  nuaerloal  acore  of  the  gama|  but,  aa 
we  pointed  out  earlier,  there  are  eaaea  when  thia  acore  function  cannot  be 
identified  with  the  peraon'a  utility,  such  aa  nhan  an  adult  purpoaely  loaea 
to  a  child  <. 

In  a  parlor  game,  aa  in  our  aoonomlc  example,  eaieh  player  aakea 
not  one  choice  but  a  whole  aeriea  whoae  order  and  nature  depend  upon  the 
previoua  choicea  both  he  and  the  other  playera  have  made,  that  ia,  on  the 
prevloua  play  of  the  game*  In  exactly  the  aaae  way  aa  in  tha  economic  aitu- 
ation  one  ia  able  to  show  that  the  atrategy  notion  allows  the  reduction  of 
thia  extenaive  form  to  the  above  mentioned  normal  forme  In  part  III  we 
shall  do  thia  in  some  detail  e  It  should  be  pointed  out  here  that  while 
parlor  games  have  been  characterized  in  extensive  fora  and  idiile  it  has 
been  rigorously  shown  that  any  such  game  can  be  put  in  normal  fora,  the  cor¬ 
responding  statement  of  the  extenaive  fora  of  an  economic  situation  and  its 
reduction  to  normal  fora  has  not  been  given.  The  argmnent  that  game  theory 
is  applicable  to  auch  economic  situationa  is  therefore  by  analogy  and  so  ia 
no  more  t.han  heuristic .  Apparently  a  major  difficulty  in  descx*lblng  the 
extensive  economic  model  ia  the  role  played  by  time  and  the  tisilng  of  decisions. 
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Thar*  Is  not^ss  in  parlor  gaaoa,  angr  flsad  aaquano*  of  d*cislons|  t'.aine 
in  a  production  sitoatlon  is  oftan  as  laportant  as  th*  dadsioa  Its-ilf. 

Anothar  dlffsrano*  bataaan  th*  parlor  caa*  and  th*  aeonoc.c 
problem  is  of  ths  utmost  iaportano*  in  tha  thaorias  daralopad.  It  ^s  almost 
always  a  part  of  th*  nlaa«  or  at  laast  of  th*  social  aoras,  that  t'lars  shall 
be  no  collusion  among  thf'  playara  of  a  parlor  gaa*.  In  soonoalcs.  th*  conespt 
of  a  coalition,  !•*.,  of  oollwian  saoog  soma  of  th*  prodnosrs  so  i.iat  aaoh 
battara  his  position  at  tha  axpans*  of  tha  othsr  prodnoara  or  th*  Ronsi»ar, 
is  wldaly  recognized  in  thaozy,  in  ths  law,  and  in  avaryday  dlsoours*.  It 
thus  b^oovas  a  thsory  of  gam*a  which  purports  to  haw*  applioation  bayond 
parlor  gaaas  to  b*  concamed  with  this  onrin  phano— non  of  conflict  situ¬ 
ations* 

A  nilitary  conflict  Is,  by  daflnition,  a  conflict  of  inttrast  in 
which  neither  side  has  camplmtm  control  orer  tha  wariablas  datanliiing  th* 
outcona,  and  in  which  th*  owtcosi*  Is  detaminad  through  a  sarias  ci'  battlas* 

Ws  Bay  nalwaly  taka  the  oixtcoB*  to  b«  winning  or  losing,  to  shieh  re  might 
assign  tha  niaserioal  waluas  1  and  O*  Itor*  aubtl*  interpratatloB*  >f  th* 
outccaas  are  obviously  possible,  based  on,  say,  th*  dagra*  of  d*r*t  ruction, 
etc*  Again  wa  have  th*  saas  two  dlffioaltias  as  in  th*  aeoocBic  f  roblaat 
there  is  actually  a  series  of  decisions  on  aaoh  slda,  th*  timing  c T  which 
is  of  vital  ljg)ortaoe*,  and  th*  domain  of  choices  for  these  decisl  ana  is 
not  usually  wall  speoified*  The  first  problam  oan  be  sumotated  i  s  before 
by  tha  notion  of  a  strategy,  and  indeed  th*  conoapt  of  a  military  strategy 
is  cofiimon,  even  if  it  is  not  always  olamrly  fomulated.  Th*  secori  problem 
la  again  nora  profound,  and  it  appears  to  prevent  a  gams  thecratlr  analysis 
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of  —ny  allltaxy  •Ituatians}  bat  e«rt«ioly  othor  important  onao 

u?  Kiabiaet  to,  tto*  thaoxy^*  Ona  of  tha  aiaplaat  la  tha  "dual",  alil<^  la  Ita 
«iaplaat  fone  oonalata  of  two  pl^yara  1  ard  2  bavins  P  and  q  "shots" 
raspaetlval/ >  for  aaoh  playar  1  tbare  is  a  given  function  P|(t)  whloh 
gives  the  pr  ^babiUty  density  that  a  shot  fired  at  time  t  will  result  In 
a  "hit",  let  os  suppose  a  fatal  hlt«.  We  may  suppose  that  the  domain  of  t 
Is  Uadtadf  <.as  It  would  be  in  an  air  engagement  hy  fuel  supply.  Tha  problem 
la  then  to  detemina  when  each  player  bast  take  each  of  his  shots,  assonlng 
that  ha  knot  a  how  nany  shots  his  opponent  has  already  taken,  so  aa  to  aaxleisa 
tha  probabljlty  that  ha  will  hit  hia  opponent  before  being  hit.  For  aost 
dual  altaati  ns  of  interest,  p^(t)  is  a  monotone  Increasing  function,  aa, 
for  axaapl#',,  In  tha  olaasloal  dual  of  two  aen  walking  towards  each  other 
with  guns  l.i'vnledo 

].  >  is  hardly  nacessaxy  to  labor  the  point  that  polltioal  sltu- 
atlona  invo' .ve  ooofUots  of  Interest.  In  addition  to  the  dlffloultlas  of  tha 
aeononle  air  a  military  problems  with  respect  to  Ill-defined  domains  of  action, 
we  know  thi^t  here  there  is  considerable  ambiguity  as  to  the  outeoms,  or 
payoff,  fur>.rti<xi  even  over  a  known  domain  of  posaible  actions.  This  is  to 
some  extent  true  In  the  other  situatlona  we  have  daacribod,  but  it  is  over¬ 
whelmingly  obvious  in  the  political  realm,  where,  for  azaapla,  the  defeat 
of  a  candid  '.te  has  sometimes  been  attributed  (after  the  fast)  to  a  single 

t 

sentenoe  oi  t  of  the  thousands  he  spoke  In  a  ea^mlgn.  (There  is  a  eaae 
of  an  Aasr^  tian  orator  reading,  one  supposes  for  the  first  time,  a  speech 
in  whioh  r  oame  out  "one  thousand,  seven  hundred,  and  seventy-six".) 

f'me  the  above  conaents  we  see  that  there  is  soma  hope  that  the 
normalised  fora  of  a  game  Includes  some  socially  Isqjortant  {^momana,  but  it 
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Is  clear  that  with  respect  to  asny  situations  there  are  serious  difficulties. 
This,  however.  Is  not  the  entire  picture.  In  developing  the  n-person  gaiee 
theory,  von  Nenaann  transforasd  the  noraal  fora  Into  a  aatheaatleally  simpler 
structure,  slapler  in  that  aueh  of  the  detail  of  the  normal  fora  Is  condensed, 
which,  it  appears,  will  allow  a  broader  applloatlon  of  the  theory  than  the 
above  dlseussion  suggests.  This  Is  more  appropriately  discussed  in  part  III 
than  here,  and  we  shall  content  ourselves  with  reaarkliig  that  to  attain 
this  application  approxlaate  estimates  of  the  "characteristic  function"  will 
have  to  be  obtained,  presuaably  by  empirical  techniques.'  This  does  not 
appear  to  be  beyond  the  scope  of  some  of  the  techniques  under  developownt 
in  social  psychology  and  sociology,  and  it  Is  to  be  hop^  that  some  empiricists 
will  be  attracted  to  this  problem.  However,  this  is  conjectural,  and  we 
have  the  historical  fact  that  many  social  scientists  have  become  disillusioned 
with  game  theory.  Initially  there  was  a  naive  bandwagon  feeling  that  game 
theory  solved  Innua^rablo  problesu  of  sociology  and  aconcmics,  or  that, 
at  the  least,  it  aade  their  solution  a  practical  matter  of  a  few  years' 
works  Thli^has  not  turned  out  to  be  the  case. 

'■•hat  then  is  the  significance  of  game  theory  to  the  social  scientiat? 
hirst,  because  there  has  not  been  a  plethora  of  applications  in  10  years, 
it  is  not  clear  that  it  will  not  ultiaately  bo  vital  in  applied  problems. 

Judging  by  physics,  the  time  scale  for  the  impact  of  theoretical  develop¬ 
ments  to  be  felt  is  often  measured  in  decades.  Second,  while  the  present 
form  of  the  theory  may  not  be  totally  aatlsfactory  -  in  part,  prestsuably, 
because  of  its  so-called  normative  character  —  this  does  not  necessarily  mean 
that  abandonment  by  the  sccial  scientist  is  the  only  possible  course.  Much 
of  the  theory  is  of  very  general  importance,  but  some  revision  may  bo 
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r«q\iired  lor  fruitful  upplicAtiona.  Attention  to  the  theory  is  needed;  and 
not  attention  fron  the  aatheoatielan  alone,  as  is  now  the  case*  Third,  gaae 
theory  is  the  first  example  of  an  elaborate  mathematical  development  centered 
solely  in  the  social  sciences.  The  conception  derived  from  non-physical 
problems,  and  the  mathematics  -  for  the  most  part  elementary  in  the  mathe¬ 
matical  sense  -  was  developed  to  deal  with  that  conception.  The  theory 
draws  on  known  mathematics  according  to  need  -  on  set  theory,  on  the  theory 
of  convex  bodies,  etC)  furthermore,  new  mathematics  was  created  when  it 
was  not  already  available.  Moat  other  attempts  at  matheioatizstion  (with  the 
exception  of  statistics  which  plays  a  special  role)  have  tended  to  take 
over  bodily  small  fragments  of  the  mathematics  created  to  deal  with  physical 
problems.  If  we  can  Judge  from  physics,  the  main  developments  in  the  mathe- 
raati nation  of  the  social  sciences  will  come  -  as  in  gaae  theory  -  with  the 
developswnt  of  new  mathematics,  or  significantly  new  uses  of  old  mathematics, 
suited  to  the  problem.  No  one  of  these  theories  should  be  expected  to  be 
a  panacea,  but  their  cvsiulative  effect  promises  to  be  revolutionary. 

It  is  the  singular  genius  of  the  von  Neusiann  and  Morgenstem  book 
that  in  this,  the  first  major  publication  on  the  subject,  we  find  a  clearly 
formulated  abstraction  of  considerable  breadth,  drawn  from  the  relatively 
vague  social  sciences,  and  an  elaborate  and  subtle  superstructure  developed 
with  masterful  scope  -  a  rarity  in  science.  The  depth  of  their  contribution 
can  be  appreciated,  in  part,  from  the  fact  that  today  the  material  still 
must  be  presented  according  to  their  outline;  there  have  been  additions, 
true,  but  the  main  conceptions  are  unchanged. 

A  word  about  the  organization  of  this  report.  The  main  body  is 
divided  into  three  parts,  the  first  devoted  to  games  having  two  players. 


th«  aeocnd  to  ganeral  gwMa,  and  the  third  to  ■iecelleneoua  topics  in  one 
way  or  another  closely  related  to  gaas  theory.  The  diriaion  of  the  first 
two  parts  is  dictated  bj  vtn  Netausui'a  dsTelo.uMxit  of  the  theory,  in  which 
the  study  of  n-perscn  gases  resta  on  the  already  coapleted  study  of  the 
2-per8on  gaaes.  In  addition,  the  subsequent  contributions  to  the  theory 
have  in  the  main  continued  this  diehotaagr,  and  so  the  material  is  most  easily 
presented  in  two  parts. 

■Ve  do  not  in  any  way  intend  this  report  to  serve  as  a  text  on  the 
subject,  nor  as  a  research  reference;  rather,  we  hope  to  lay  bare,  with  a 
einimua  of  nathaaatical  notation,  the  main  structure  of  the  theory,  the 
assumptions,  and  the  conclusions.  A  consequence  of  this  aim  was  our  decision 
to  omit  all  proofs.  It  is  a  report  directed  toward  the  social  sclcmtist 
who  has  found  the  long  chains  of  argunent  in  von  Neumann  and  Morgenstem 
too  tedious  and  the  crisper  style  of  McKinsey  too  spare,  but  who  still 
would  like  to  know  the  principal  features  of  this  Important  theory.  Anyone 
interested  in  pursuing  research  in  game  theory,  or  in  its  applications,  will 
have  to  consult  at  least  one  of  these  two  books  and  some  of  the  research 
papers  referred  to,  but  his  task  may  be  simpler  »  at  least  we  hope  It  will 
be  -  for  having  read  this  leas  technical  outline. 
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1.  Xateglicttm 


The  thaoiy  ot  ganea  nould  be  a  very  lneogq>lete  edifice,  both 
esthetleaUy  md  practically,  if  it  ware  restricted  to  the  2>person  case. 

It  Is  note  In  this  part  of  the  report  we  there;*ore  tnm  to  an  examination 
of  the  n-person  theory,  idilch  is,  in  the  main,  very  different  from  the  2-= 
person  theory. 

Intnltlvely,  it  is  reasonable  to  suppose  that  the  two  most  slgnl^ 
floant  notions  of  the  2"-person  theory  —  strategies  and  equilibriisa  points  — 
can  be  extended  to  games  with  more  than  two  players.  This  we  shall  discuss 
in  section  3»  Were  this  extension  of  definitions  and  -^e  resulting  theorems 
the  totality  of  n-perscm  theory,  we  should  have  presented  it  in  a  unified 
Bsmer  for  all  n  >  2.  However,  it  has  long  been  recognised  in  sociology, 
and  in  practical  affairs,  that  between  two-persoo  situations  and  those  involve 
Ing  three  or  more  persons  there  is  a  qualitative  difference  which  is  not  as 
simple  as  the  difference  between  2  and  3.  Oeorg  Siasel  writes,  "The  essential 
point  is  that  within  a  dyad,  there  can  be  no  majority  which  could  outvote 
the  Individual.  This  majority,  however.  Is  made  possible  by  the  mere  addl- 
tion  of  a  third  member."  ^26,  p.  13?}  And  again,  "The  typical  difference 
in  sociological  constellation,  thus,  always  remains  that  of  two,  as  over 
against  three,  chief  parties."  {26,  p.  144]  The  recognition  of  this  feature  •> 
that  of  coalitions  in  the  language  of  von  Neumann  and  Horgenstern  [2ll  >  has 
resulted  in  an  n-person  theozy  markedly  different  from  2-person  theory. 

A  major  obstacle  to  developing  a  satlsfactczy  theory  of  coalitions 
is  that  in  the  present  formalizations  of  a  game  no  explicit  provisions  are 
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mde  aboat  coBmanl  cation  axid  collusion  among  the  plajars.  Ttma  anjr  theory 
of  collusion,  or  of  coalition  formation,  has  a  distinctly  flaTor, 

The  dlfflctiltles  In  making  explicit  assuiq>tlon3  about  coaaonlcatlon  appear, 
at  least  superficially,  to  stem  from  the  variety  of  rules  ehlch  are  found  In 
eaqjlrlcal  situations «  Collusion  In  parlor  games  Is  prohibited  by  social 
sanctions  and  b7  a  sense  of  sportsmanship)  that  the  rules  are  well  heeded 
Is,  one  supposes,  becsTise  so  little  Is  at  stake*  Of  course,  there  are  known 
exceptions  In  the  history  of  gambling.  In  the  econciqy  one  finds  the  whole 
gaaut  from  no  rules  at  all,through  moral  sanctions,  to  elaborate  legal  codes 
as  In  tha  anti-trust  laws*  In  International  affairs,  coalitions  and  their 
disruption  bulk  large  in  the  histoxy  of  at  least  the  past  300  years)  the 
rules  obeyed  have  been  few* 

One  point  of  view  which  has  been  presented,  and  which  we  ^all 
dlsoxiss  In  section  III  *3,  la  to  the  effect  that  non-cooperative  games  are 
theoretically  basic,  and  that  cooperative  ones  can  and  shoiild  be  subsumed 
under  that  theory  hy  "»aHng  conmunication  and  bargaining  formal  moves  of 
the  non-cooperative  gams*  This  view  has  never  been  fxiUy  elaborated  and 
so  criticism  is  difficult,  but  UeKinsey  has  pointed  out,  "It  Is  extremely 
difficult  in  practice  to  introduce  into  the  cooperative  games  the  moves 
corresponding  to  negotiations  in  a  way  which  will  reflect  all  the  infinite 
variety  permissible  In  the  eoopsratlve  game,  and  to  do  this  without  giving 
<Mie  player  an  artificial  advantage  (because  of  his  having  the  first  chance 
to  make  an  offer,  let  us  say)  a"  £l3«  P«  359^ 

In  addition  to  the  conceptual  complications  of  collusion,  there 
are  inherent  practical  complications  as  n  gets  larger,  for  the  nund>ar  of  pos— 


slbllltles  IncreassB  at  a  fantcztie  rate;  the  dlTfloalty  of  a  detailed 
analysis  of  a  2-persan  gams  such  as  chess  Is  minor  compared  to  a  similar 
analysis  of  mcst  n^person  games.  One  of  the  principal  features  of  the 
current  theory  Is  to  by-pass  such  a  detailed  analysis.  That  we  can  success¬ 
fully  avoid  at  the  conceptual  level  the  combinatorial  problem  does  not  seem 
to  solve  all  eoqjlrlcal  problems  of  verification,  for  an  empirical  study  must 
deal  with  specific  games  in  all  their  complications.  Fortunately,  shat  we 
Bxiggest  does  not  seem  to  cover  the  issue  entirely,  but  we  must  postpone 
more  discussion  to  section  III.7. 

The  principal  order  of  our  presentation  -  extensive  form  of  a 
gaaie,  normalized  form,  characteristic  function,  and  solutions  -  is  essenti¬ 
ally  that  of  von  Neumann  and  Morgenstem  [ZlJ.  The  work  on  n-person  games 
since  the  publication  of  their  book  has  been  centered  primarily  within  this 
framework,  and  while  there  have  been  oritlcisms  of  this  general  organization,* 
no  new  approach  has  been  oonoonly  accepted.  It  oast,  however,  be  added  that 
the  vast  majority  of  the  work  in  the  10  years  since  the  first  printing  of 
their  book  has  been  devoted  to  the  2-person  game  and  to  extensloxis  of  It 
which  are  either  beyond  the  scope  of  this  report  or  are  studied  in  Part  IV; 
the  number  of  papers  on  the  n-person  game  Is  less  than  a  score.  Several 
facts  may  be  mentioned  which  seem  relevant  to  this  phenoawnon:  the  relation 
of  the  2-person  game  to  linear  programming  and  to  statistics  has  attracted 
considerable  attention;  mathematlolans  have  been  Intrigued  by  the  current 
2— person  theory  because  it  draws  on  more  advanced  autheaatlos 

*  Von  Neiaann  and  Uorgenstem  themselves  raised  objections  and  questions  about 
the  organization  to  vdiloh  they  were  forced,  and  th«y  suggested  that  when  the 
theory  is  more  mature  we  may  find  It  unified  for  all  n  ^  2  and  find  the  now 
Important  characteristic  function  only  an  unnecessary  tschnleiLLity. 

2^21,  p.  606  -  608,  particularly  p.  6083 
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than  does  n-pers<Ki  theory)  oany  workerc  bars  felt  dlssatlefled  with  the 
present  formalization  of  n-pcrson  theory  and  rather  than  meeting  the  con» 
oeptual  challenge  they  have  -•rithdraim  to  other  larues.  Honetheleea,  it  Ir 
the  n-person  theory  which  is  of  greatest  interest  in  sociology  and  economlon, 
and  it  is  here,  more  than  in  S-person  theory,  that  game  theory  as  social  soienoe, 
thoti^  not  as  mathematics,  will  stand  or  fall.  In  two  principal  ways  we  sliall 
try  to  show  that  general  gams  theory  can  be  of  interest  to  social  sclentlstco 
First,  we  shall  emphasize  the  Independence  of  the  characteristic  function 
theory  fr«n  its  derivation  in  terms  of  the  normal  form  of  a  game,  and  we 
shall  suggest  the  possibility  of  an  eaipirloal  determination  of  these  functions 
in  real  situations  where  the  strategy  spaces  and  the  payoffs  of  the  normal 
fora  are  difficult  or  impossible  to  determine.  Second,  we  shall  offer  the 
view,  with  exa^les  as  support,  that  it  is  possible  to  devise  theories  based 
on  the  characteristic  function  which  are  more  relevant  to  social  science 
than  the  solution  notion,  a  concept  which  has  not  found  wide  acceptance  out" 
side  mathematical  olrclsa.  Ws  must,  bowe'rer,  omphaslze  that  the  theory  is 
in  far  from  final  form  and  that  the  social  szlcntlst  will  find  ns  many  dlf» 
flculties  unearthed  as  are  solved  in  any  attenpt  to  make  game  theory  an 
applied  theory. 

2.  Esm 

The  mathematical  abstraction  of  a  game  assumes  three  forms  in  the 
presentation  of  von  Neusann  and  Iforgenstem  [213.  The  first  —  called  the 
extensive  fora  is  our  present  topic;  it  is  an  attempt  to  capture  the 
salient  features  of  a  gaiae,  such  as  a  parlor  gano.  From  this  is  derived 
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another  aore  cooqjact  fora  known  ae  the  nonaal  tormp  which  we  ahall  dleeuas 
in  section  II1.3«  It  is  curious  thatf  while  the  nonaal  form  is  a  special 
case  of  the  extensive  form  (to  which  every  extensive  form  may  be  reduced), 
only  the  nonaal  form  has  the  apparent  or  psychological  generality  to 
encon^ss  many  soolal  and  economic  problems.  There  are  few  situations 
other  than  parlor  games  vrhlch  are  games  in  extensive  form,  excluding  the 
ease  of  the  normal  form.  The  third  stage  of  their  development  is  the 
derivation  of  a  real- valued  set  function,  called  the  eharaetexd.stlc  function, 
idiieh  represents  coalition  strengths  (section  II1.4).  Wille  in  one  sense  a 
characteristic  function  represents  a  gams,  it  need  not,  and  so  it  turns 
out  that  in  a  very  iiq>ortant  sense  to  social  science  the  theory  of  ehar- 
aOt eristic  functions  la  more  general  than  the  theory  of  games  in  mxtensive 
and  normal  form.  The  principal  mathematical  theory  is  at  the  level  of 
characteristic  functions,  and  so  it  could  be  presented  mathematically 
without  reference  to  the  extensive  and  normal  forms,  but  it  is  appropriate 
for  us  to  follow  the  longer  development  in  order  that  the  reasons  for  the 
abstractions  should  be  clear. 

Anar  parlor  game  la  composed  of  a  series  of  well-specified  moves. 
where  each  move  is  a  point  of  decision  for  a  given  player  among  a  set  of 
alternatives.  The  particular  choice  a  player  makes  at  a  given  choice  point 
is  called  a  nhnlee.  but  the  fact  that  he  must  make  a  choice  coupled  with  the 
set  of  alternatives  for  the  choice  is  called  a  move.  A  sequence  of  choices. 


( 


one  following  another  until  the  game  is  terminated,  is  called  a  play.  Let 
us  suppose  that  in  one  game  (at  some  stage  of  a  play)  player  1  has  to  choose 
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—nog  placing  m  king  of  tMorta,  a  two  of  apadaa,  or  a  Jack  of  diaaonds,  and 
that  In  anothar  gaae  a  playar,  also  denoted  has  to  choose  aaong  passing, 
calling,  or  bettlngo  In  each  case  the  declslim  Is  among  three  altematlTss, 
shlch  may  be  abstracted  by  a  drawing  as 
In  Fig.  1. 

Bat  how  can  these  two  examples  Fig.  1 

be  considered  the  same?  Certainly  it  is  clear  from  coomon  experience  that 
one  does  not  deal  with  one  three-^oice  situation  in  the  same  way  as  any 
other  three-ohoioe  sitoation.  One  mi^t,  were  they  giwen  out  of  context, 
for  there  would  be  no  other  considerations  to  gowem  the  choice;  but  in  a 
game  there  haws  been  all  the  choices  preceding  the  partieular  move,  and  all 
of  the  potential  moves  following  the  one  under  consideration.  That  is  to  say, 
we  cannot  truly  Isolate  and  abstract  each  move  separately,  for  the  signifi- 
oanoe  of  each  in  the  game  depends  on  aaoe  of  the  other  moves.  However,  if 
we  abstract  all  the  moves  of  the  game  in  this  faehion  and  indicate  which 
ohoioes  lead  to  ahich  moves,  then  we  shall  know  the  abstract  relation  of 
any  given  move  to  all  other  moves  idiioh  have  affected  it,  or  which  it  may 
affect. 

Soch  an  abstraotlon  leads  to  a  drawing  of  the  type  shown  in 
Fig.  2.  The  nuabere  associated  with  the 
moves  indicate  which  player  is  to  make  the 
move,  and  therefore  they  run  from  1  through 
n.  The  set  of  players,  i.e.,  the  first  n 
Integers,  will  be  denoted  1^.  In  the  ex- 
aBy>le  of  Flgo  2,  n  =  4.  But  we  have 
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d«oot«d  th«  tint  mon  0*  In  addition  to  dotbb  hy  playara,  sooe  gaaas  hav* 
chanoa  aoTasy  aa,  tor  ampla,  tha  shuffling  of  cards  prior  to  a  gaas  of 
pokar.  Such  aov«a,  ahieh  need  not  bo  the  first  aoxrs  of  tha  gaae,  ara 
asalgnad  to  tha  "playar"  0,  which  stands  for  chanca.  For  tha  0  aowas 
vs  ofuat  ba  givan  a  probability  distribution,  or  woighting,  of  tha  ssTeral 
altamatlTs  choicaa. 

A  drawing  such  as  Fig.  2,  whan  oonsidared  abstractly  as  a  matha- 
■atical  systen,  is  known  as  a  graiA.  A  graph  consists  of  s  ooUaction  of 
points  (callad  nodas)  and  branchos  (tha  llnas  botwaen  soma  pairs  of  nodes 
drawn  in  on  tha  flgura)  batwsen  certain  pairs  of  nodeso  If  there  is  at 
Most  one  branch  batwsao  any  pair  of  nodas,  as  in  tha  case  of  a  gans,  a 
graph  Is  Isoanrphlo  to  a  synaetrlc  relation  over  the  sat  of  nodes,  A 
graph  Biay  have  closed  loops  of  branches,  such 
as  abc  or  abdec  in  Fig,  3*  A  graph  with  no 
such  loops  of  branches  is  called  a  tree.  The 
graph  of  a  gaaa  is  a  tree,  which  is  called  the 
MXH  traso  This  ou^  not  sasa  reasonable  for  in 
such  gaaas  as  chess  one  can  arrlTa  at  the  saae  arrangenent  of  piaoss  on  the 
board  by  saTsral  different  routes,  which  appears  to  laean  that  closed  loops 
of  branches  can  arise.  Howawer,  In  gans  theory  we  choose  to  distinguish 
two  iDOTUs  as  different  if  they  have  different  past  histories,  ewen  If  thny 
hsTS  exactly  the  same  possible  future  ootss  and  outcooss.  In  gaaes  like 
chess  this  distinction  is  not  really  important  and  to  make  it  appears  to 
be  an  arbitrary  decision,  but  in  many  ways  the  whole  conceptualization  and 
analysis  of  games  is  simplified  if  it  is  made.  The  tree  character  of  a  game 
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is  not  pr.i«lat«d  to  the  ooaean  sinking  feeling  one  often  has  after  asking 
a  choice  In  a  gaao«  for.  In  a  sanae,  each  ^oloe  is  irretrievable, 

and  once  it  is  aade,  there  ax^  parts  of  the  total  gaae  tree  which  ean 
never  again  be  reached. 

The  trae  is  assaaed  to  be  finite,  in  the  sense  that  a  finite 
nnaber  of  nodes,  and  heoee  of  branches,  is  Involved.  This  Is  the  saae 
as  sajrlng  that  there  is  soae  finite  manber  o-  snoh  that  every  possible  play 
of  the  game  terodnates  In  no  more  than  <r  steps .  This  is  certainly  tma 
of  all  parlor  gitBas,  for  there  is  always  a  "stop”  mle  to  teralnate  stale- 
■atea,  e.g.,  as  in  chess.  To  say  the  tree  is  finite  is  not  to  say  that  it 
is  snail  and  easy  to  work  with.  For  exaiqple,  card  games  often  begin  with 
the  Muffling  of  a  deok  of  52  cards,  and  so  the  first  0  aovs  has  52  I 
or  approximately  8.07  x  10^*^  branches  steoelng  from  It.  Clearly,  for 
suoh  games  no  one  is  going  to  draw  the  gaae  tree  in  fall  detail  1 

At  the  end  of  each  play  of  the  gams  certain  rewards  and  punish¬ 
ments  -  payoffs  -  oecor.  These  may  be  the  subjective  reward  of  saying 
"I  won”  or  the  monetaxy  pvnlehment  of  seeing  someone  else  sweep  In  the 
pot  -  a  pot  which  often  includes  more  of  your  money  than  It  should  -  or, 
as  HeKlnsey  says,  "the  death  In  Russian  Roulette."  Each  of  the  end  points 
in  the  gaae  tree  is  a  possible  terainatlon  point  of  the  gaae  and  it  co»> 
pletely  characterizes  the  play  of  the  game  which  led  to  that  point.  Ms 
aay  index  these  end  points  and  denote  a  typical  one  by  the  symbol  o(  . 

Now  to  each  eC  and  for  each  player  1  wo  have  a  navoff  function  which  we  aay 
denote  llj^(et),  that  is,  a  function  which  has  as  its  dosaln  the  pli^  -  or 


and  points  -  of  the  gaas*  Th«  rang*  of  the  functions  esn  -nry  s  grsst  dsal, 
ss  ss  snggsstad.  In  seas  esses  the  range  is  the  real  naibar  STstea,  sneh 
se  for  ■onstary  pasroffs.  In  Rnsslan  rouletts  the  range  la  a  spaes  haring 
tso  elenants,  one  representing  death,  the  other  not-death.  Halle  in  prlnelpls 
It  la  not  neoss8ar3r  to  restrlot  the  possible  ranges  of  the  fonctlona 
to  nake  anjr  progress  at  all  In  the  theory  of  ganas  It  la  neeessary  to  aastae 
that  the  ranges  are  part  of  the  real  nosher  systea,  usually  a  finite  part* 
Further,  It  nost  be  possible  to  form  svas  such  as  llj(p)  and  to  be 

able  to  assign  soae  assnlng  to  thea*  Ton  Neuaann  and  Uorgsnstem  [21,  p.  617, 
Appendix^  hare  derelpped  a  theory  of  utility  in  nhleh  they  shoe  that  eertaln 
assnsfptloas  about  the  ability  of  people  to  assign  prafersnees  aaong  eartaln 
altsrcatlres  aaks  It  possible  to  assign  a  nnasrioal  utility  to  the  rmrlous 
altematlres*  This  eork  is  dlsoussed  rery  briefly  In  eeotlon  III*7.2*  Ftoa 
this  they  oonolude  that  the  restriction  of  the  ranges  to  the  real  noober  systsa 
Is  not  really  suoh  a  serious  restriction,  after  all*  But  aore  sust  be  ssaiaed 
In  order  to  Justify  foralng  stas  of  payoffs*  The  assunqptlons  are  suaaarlsed 
by  saying  that  utility  anst  be  both  nuasrloal  and  transferable.  The  need  to 
f am  sms  eUl  arise  later  in  the  theory  of  coalitions  ehen  we  wish  t  o  allow 
side  payaentsi  A  player  Hio  will  reoelre  a  certain  amount  fron  the  play  of 
the  gssa  can  be  Induced  by  other  players  to  participate  in  a  coalition  by 
their  offering  hln  added  poyaents  other  than  those  provided  by  the  rules  of 
the  gaas*  If  the  rules  of  the  gaas  provlds  death  for  eartaln  players,  this 
payoff  Is  not  transfsrabls,  evan  though  •  maerioal  value  might  be  assigned* 
Essentially  then,  ue  will  have  to  think  of  the  payoffs  in  terms  of  sobs 
infinitely  divisible  extra-player  oonswrtl  ty ,  ahleh  to  all  intents  and  pur¬ 
poses  Is  money*  Without  this  assuqjitlon  we  would  not  go  far* 


nw  final  atap  In  tha  fomallaatiop  of  a  tm»  la  to  Indloata 
ahat  aadi  plagrar  known  ahan  ha  aakaa  a  oholea  at  angr  motm.  It  la  aaiixawd 
that  aaeh  plagrar  la  oaailaelaDt  In  that  ha  knows  tha  antlre  gaaa  traa  and 
all  of  the  pagroffa,  bat  thara  la  tha  possibility  that  tha  rulas  of  tha 
fsaa  do  not  provlda  him  with  knowLadca  on  any  psrtloular  nova  of  all  tha 
ohoioao  Bade  parlor  to  that  nora.  Thia  la  oartalnlgr  tha  aitnatlon  In 
■Dst  card  gamaa  which  bacin  with  a  ehanea  boto,  or  share  oartaln  eaxxla 
ara  ehosan  ty  another  plagrar  and  ara  plaead  faca  doan  on  tha  tabla«  or 
ihara  tha  cards  In  ona  player's  hand  ara  not  known  to  tha  othar  playars. 
Tndaad,  It  Bay  be  that  a  player  at  ana  aora  does  not  know  what  hla  dcsialn 
of  oholea  was  at  a  prarlona  bows  1  Tha  Boat  eoBBon  axaav>la  of  this  Is  borides 
shore  tha  two  partners  noat  be  eonslderad  as  a  single  player  who  Inter- 
alttantly  forgets  and  rsnoabers  what  altesnatlwes  ha  had  awallabla  on 
prsrloaa  Bowsa  (ass  aactlona  III.3  and  I1I*4)* 

It  la  possible.  In  principle,  for  suoh  a  snper-lntalllgant 
player  to  aaoertaln  froB  all  tha  infonsstlon  known  to  hla  and  froB  the 
rules  of  the  saaa  a  certain  BlnletiB  set  of  moTes  of  which  his  Is  ona,  bat 
which  one  he  la  not  certain.  Slnoe  he  knows  tha  gane  tree  In  adwsnoa.  It 
Is  tfaas  posslbla  froa  the  roles  of  tha  g  aae  to  oharaoterlsa  these  India- 
Bowes  In  adwanos.  Abatraetly,  there  are  (»ly  two  necessary 
f aatores  to  these  sets  of  bowos  -  whloh  are  known  as  InforBstlon  fgS£a 
Each  of  the  aowee  In  the  set  amst  be  assigned  to  tha  sane  player,  and  eaoh 
of  the  Bowes  anat  hawe  exactly  the  saBS  nuaber  of  altematlwes.  For  If  one 
BOWS  has  r  altematlwes  and  another  a,  where  a  ^  r,  then  he  would  only  need 
to  count  the  nuBber  of  altematlwes  he  actnally  has  in  order  to  ellalnata 
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th«  pos»lblllt3r  of  being  at  one  aoTO 
or  at  the  other.  In  the  graphloal  pres¬ 
entation  of  a  gajatf  the  Information  aeta 
■ex  be  indloated  b/  eneloalng  the  nodea 
oo^irialng  each  aet  bT  •  dotted  line,  as 
in  Fig.  4*  Fig.  4 

Itien  an  Infozmtlon  aet  consists  of  a  single  ooTe,  the  playeo^ 
is  totally  infomed  in  that  he  knows  exactly  share  he  is  on  the  tree. 

'Ihen  all  aoTSS  are  of  this  tTpe.  we  say  the  gaae  has  perfact  Inforaation. 
Tlo-tao-toe  and  chess  are  exaiq;>lcs  of  gaaais  with  perfect  infomation. 

Xn  suanaryf  then,  the  abstoaetion  of  a  gaiM  ahioh  is  called  the 
gUai^Tl  XSZB  consists  of 

1.  a  finite  tree  (staioh  deecrlbes  the  relation  of  each  aoee  to 
all  the  other  aoTss), 

ii.  a  set  of  payoff  fonotions^  !(}^(<)  (one  for  each  player  and 
defined  over  the  end  points  -  or  plays  -  of  ths  cans). 

ill.  a  partition  of  the  nodes  of  the  tree  into  n-4-1  sets  (which 
tell  which  of  the  n  players  or  ohanoe  takes  each  aowe). 

ir.  a  probability  distributloo  over  the  branches  of  each  0  ■ots. 

T.  a  refineaent  of  the  player  partition  into  inforaation  sets 
(which  describes  the  aahlgulty  each  player  has  when  he  takes  each  ■owe). 

The  original  description  of  a  gaae  in  extensiwe  fora  is  due  to 
von  Ttniaann  and  Morgenstern.  but  it  differs  soaewhat  from  and  is  less  oca- 
pact  than  this  one,  which  was  given  by  Kuhn. 
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In  this  sxtsnslTe  description  of  s  ssas  sU  the  subtle  dlffer- 
eooes  between  genes  ere  spperent.  Do  natter  how  intoltiwely  slnllar  two 
genes  ere.  If  there  le  e  fomal  difference  as  given  by  the  rules  it  will 
shew  up  at  thia  level.  At  this  detailed  levbl  the  problens  of  analysis 
seem  over-idielialng,  and  oertalnly  to  data  there  has  been  very  little  work 
done  on  the  problem  of  genes  In  extensive  fora.  The  pxdnelpal  result  In 
this  area  will  be  presented  In  the  next  aectlon.  It  Is  not  even  clear 
how  much  work  Is  deslrabla  at  this  level,  for  while  such  work  might  result 
in  a  very  adequate  theory  of  parlor  gases,  very  few  azajq>le8  from  eeonoaios 
or  sooial  science  f«>ll  into  the  pottern  of  a  tree,  that  is,  of  well-speeified, 
te^xirally  oxtlared  moves.  Were  the  theory  entirely  at  this  level  of  abstrac¬ 
tion,  It  could  be  of  deep  interest  only  to  theorists  of  parlor  ganes  and 
gaahling.  However,  any  gens  in  extensive  fora  can  always  be  put  Into  a  speci¬ 
al  extensive  fora,  called  the  nornal  fora,  which,  as  we  shall  see  In  the 
next  section,  makes  it  clear  that  gene  theory  encompasses  prdbleaM  of  more 
general  Interest  and  depth.  It  is  only  at  the  level  of  the  normal,  fern,  and 
at  an  even  nore  abstraot  level,  that  game  theory  seens  to  have  the  potential 
of  far-reaching  iagwot  on  the  social  scieneeso 

So  far  we  have  described  what  we  shall  mean  by  a  game,  but  a 
theory  about  ganes  can  be  developed  only  as  an  answer  to  questions  about 
them.  One  general  class  of  problems  has  been  raised*  if  we  assuna  "rational” 
players  who  are  cBlsolent  In  that  they  know  In  fall  the  game  tree,  the 
payoffs,  and  the  Infonaatlon  sets.  If  wo  assume  the  pnyoffs  are  In  a 
nunerical  and  transferable  utility,  and  if  we  assume  that  each  player 
wishes  to  maximise  his  expected  return  (In  utility  units)  from  playing 


! 


th0  gam*,  then  what  happeaa?  This,  me  we  shall  oom  to  see,  is  not  the 
pireolse  problem  It  may  eeem  to  be,  and  we  will  have  to  speell'y  rxnrthsr  idiat 
we  mean.  Onfortunately,  the  further  specification  appears  to  take  one 
beyond  the  aasumed  struotxo-e  of  the  game. 

3.  Nonanl  Form* 

3.1 

One  way  to  ascertain  the  ontcome  of  a  game  in  aztenslve  fora  la 
to  let  the  players  play  It  and  observe  the  outcome.  Indeed,  many  would 
say  this  Is  the  only  way,  but  they  would  be  wrong,  for  in  principle  we 
could  cause  each  player  to  state  In  advance  idiat  he  would  do  in  each 
situations  which  might  arise  in  the  play  of  the  game.  From  this  Information 
for  each  of  the  players,  an  unqplre  could  carry  out  the  play  of  the  game 
without  further  aid  from  the  players  and  thereby  determine  the  payoffs. 

Such  a  prescription  fif  decision  for  each  possible  situation  Is  known  as 
a  pure  for  a  player. 

For  many  gasras  the  actual  preparation  of  a  pure  strategy  in 
a  fora  an  ui^>lre  could  use  without  ambiguity  is  a  hopeless  task;  however, 
certain  simple  exasqples  of  pure  strategies  are  easily  given,  though  in 
general  they  would  be  poor  ways  to  play.  For  example,  if  we  suppose  that 
each  branch  stesmilng  from  a  move  is  given  a  number,  1,2,.. o,r,  ^ere  r  is 
the  nunber  of  branches,  then  oam  pure  strategy  is  always  to  take  branch  1. 
Another  is  always  to  take  the  branch  with  the  largest  number.  Indeed,  if 

*  The  last  subsection  of  this  secticm,  and  of  sections  111.4,  111.5,  and  111.6, 
is  a  brief  summary  of  thi  principal  concepts  of  the  section.  While  these  sme- 
marles  are  not  Intended  be  intelligible  without  a  first  reading  of  the  pre^ 
ceding  sections,  'Uiey  —  ty  assist  some  readers  to  grasp  the  main  line  of  develop¬ 
ment  in  the  section  as  it  is  being  read. 
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plagnn*  1  hu  q  dlff«r«at  tnformtloa  Mts,  which  «•  mjr  nnabar  l»2»«*.fq, 
than  ai^  pan*  atrataor  can  ha  raprccantad  bjr  a  aat  of  q  ixtnbara,  aharo  oaeb 
inMhar  rapraaanta  tha  branch  ^oaan  when,  and  if,  the  plagr  reoohaa  that 
Infomation  aat.  Thoa  q-ttq>laa  of  Integera, 

ft^i*V****^ql 

repreoant  para  stratagiaa.  For  axaapla,  tha  atratagjr  In  which  branch  1 
la  alwagra  taken  ia  rapraaantad  bgr 

y 

But  aaoh  x^haa  aa  ita  range  ottlx  a  flndta  nnabar  of  integera,  ainea  each 
■cva  haa  onix  *  finite  maabar  of  branohaa,  and  there  are  enlx  *  finite 
nniAter  of  x'*»  tuuaalx  q*  ao  there  aire  onlx  a  finite  maher  of  atrategiea, 
nthoot  anx  loaa,  we  nax  label  the  atrategiea  bx  naabenl,2,,..,t,  idare 
t  is  tha  total  nuaher  of  atrategiea  available  to  the  plaxar,  the  mtaiber 
t  ia  finite,  but  it  need  not  be  awall,  A  gaae  having  bvt  10  Infomation 
aeta  for  a  plaxer  and  10  branehea  at  each  aet  ia  eaoeedlnglx  alj^ile,  but 
there  are  10  billion  differmt  atrategiea  for  that  plaxer* 

We  let  a^  be  a  variable  which  haa  aa  ita  donaln  the  available 
atrategiea,  or  aore  exactlx,  tlie  integera  idileh  stand  for  then,  of  plaxer  i« 
Row,  as  wo  pointed  out,  whan  eaob  plaxer  baa  seleoted  a  strategx  s^,  then 
an  aq;>lre  is  in  a  position  to  plax  the  gaaie  and  to  detemlne  the  paxoffso 
That  ia  to  sax,  froa  the  given  jmyoffm  of  the  gaae  in  extenaive  fora  we 
aax  deteraine  a  paxoff  fiBMtion  defined  over  a  doaain  which  is  the  prodnot 
apaoe  cX  the  n  sets  of  strategies.  First,  if  there  are  no  chance  aovea 
in  the  extensive  gaae,  then  the  selootion  of  the  strategies  (a^,a2,..o,s^) 


s 
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d«t«ndZMS  a  plsj*  and  so  we  define 
*^^*l»*2»****“n^  =  1^(«(  ). 

If,  howTer,  there  are  chance  noTos,  then  the  seleotlon  of  the  strateglea 
(s^,a2«...«a^)  does  not  imlquelT^  determine  a  plajr,  but  rather  there  is  a 
probability  distribution  p(aC)  over  all  possible  plays  (of  course*  the 
probability  for  some  plays  may  be  0)*  Now*  as  the  payoff  associated  with 
the  strategies  (  s^*82*.«.*Sq)  we  take  the  e:q>eeted  -rains*  orsr  all  the 
plays*  that  la* 

•  •  •»*u)  ~  ^  ) • 

As  wo  have  seen  In  ^art  II*  for  n  =:  2  we  may  always  represent  the  payoff 
function  as  a  matrix  with  the  rows  representing  the  strategies  of  player  1 
and  the  colnans  the  strategies  of  player  2.  Clearly*  for  n  >  2  a  simple 
matrix  will  not  do*  but  we  may  think  of  the  function  oA  a  matrix  in  i>> 
dlmanslona*  with  the  1^  coordinate  giving  the  strategies  of  player  !• 

Observe  that  by  weans  of  the  strategy  notion  e-very  game  in  ex» 
tensl-ve  fora  has  been  reduced  to  a  game  of  the  following  formt  each  playor 
has  exactly  one  wove  (a  choice  aaong  bis  several  strategies}  and  he  takes 
his  acre  In  the  absence  of  aqy  knowledge  about  the  choices  of  the  other 
pljgrers.  The  payoff  to  the  players  Is  determined  from  the  fuxiotlons 
axxl  the  -values  of  s^.  This  Is  a  reduction  of  every  game  to  a  simple  stazw 
dard  f  ormdilch  Is  called  the  £201^  fom  of  a  gamee 


*  Thera  has  been  some  misconception  that  the  concept  of  a  numerical  utility 
Is  not  needed  at  this  point  but  only  when  the  notion  of  mixed  strategies  Is 
Introduced  (III.3»2)*  and  that  as  far  as  pore  etrategles  are  concerned  we 
may  still  deal  with  orderings  of  preferences.  But  In  the  case  where  there 
are  chance  moves  numerical  utility  Is  necessary  If  we  are  to  assign  a  payoff 
to  a  selection  of  strategies*  and  without  such  a  payoff  the  development  of 
the  theory  would  be  blockedo 
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IbAt  of  bond  !•  thlat  V*  bofac  bgr  •batraotliic  parlor 

fMM  and  orrlrsd  at  tba  azteoaiva  fom  of  a  ga— ,  in  goooralf  lad 

to  an  oppraasivalj'  eoaiCLagc  gaas  traa*  For  gaaaa  of  angr  raaaonable  ooaplez- 
ity,  tha  noabar  of  posalble  traos  and  of  Tarlatlonz  arising  from  dlfforaat 
infomation  sats  laniiiHitalj  lad  vs  to  ballera  that  there  ia  little  hope 
of  finding  detailed  olaaslfioatioos  of  gaaes  In  extenelTe  fon  or  of  an¬ 
alysing  player  behavior  at  that  level*  Then  by  introducing  the  idea  of  a  pure 
strategy  va  have  suddenly  rsduoed  all  gaaes  to  a  ecM^saratively  siaple  stand¬ 
ard  fora*  That  is*  tha  sleight  of  hand  was  to  trade  the  conceptual  coBq>lex- 
ity  of  a  gaae  tree  for  the  numerical*  but  not  conceptual*  oo^plarity  of 
listing  all  available  atrategies* 

The  reduction  of  any  specific  game,  except  the  simplest*  to  noraal 
fora  is  a  task  defying  the  patience  of  aanj  but*  because  the  noraal  fom  of 
all  possible  games  is  comparatively  aijq>l«*  there  is  hope  that  one  may 
successfully  ezaalne  aatheaatically  all  possible  games  in  normal  fora*  The 
study  of  specific  gaaes  aay  be  close  to  iaposslble*  but  the  classification* 
analysis*  and  deteraliutlon  of  features  of  all  gaaes  may  be  now  quite  feasible* 
Assualng  the  payoff  function  is  in  teras  of  a  nuaerloal  and 
transferable  utility*  we  aay  aake  the  first  iaportant  classification  of 
gaaes  which  will  play  a  role  in  the  following  sections.  If  there  exists 
sooe  constant  K  such  that  for  every  possible  choice  of  the  strategies  s^* 

J»1  3 

then  the  gaas  is  called  constant-sua*  If  the  value  of  K  is  0*  then  the 


Wtmm  Is  callsd  Tbs  slcaiTlesnes  of  ths  Isttsr  notion  is  that  as 

a  rssnlt  of  a  play  of  ths  gsn,  utllltx  (  or  aonax)  Is  nslthsr  orsatsd  nor 
dsstroxsd*  It  is  only  exehangsd}  shat  one  plajer  wins  is  ooapensated  for  by 
ths  loss  of  others*  All  parlor  gaass  are  zero-ssn  In  their  aonex  payasnts^ 
but  not  neeessarllx  In  s  utility  aeasure*  Many  econoalc  processes.  If  they 
are  gaass,  are  not  ssto-sim,  for  production  carried  out  during  the  play  of 
the  gaas  (the  execution  of  econoalc  processes)  aay  asan  that  no  player  loses, 
though  sons  aay  gain  aore  than  othorf^.  Only  rarely  will  they  be  oonstant-sua, 
for  the  aflx>ont  of  production  will  generally  vary  with  the  strateglea* 

Ws  see  that  the  nomal  fora  of  the  gaas  Is  exactly  the  general 
problesi  idilch  was  esolwsd  and  discussed  In  Part  It  Each  player  has  soas 
Halted  control  oser  the  variables  idiioh  deteraine  what  he  shall  reeelsw 
and  each  of  the  players  wishes  to  aaxlalze  his  return*  So  we  haws  again 
fetumed  to  our  original  problea,  but  aany  readers  asy,  at  this  point,  feel 
that  a  strange  psyehologioal  trick  has  been  played  on  thea*  The  extenslTe 
fom  of  the  gaae,  while  apparently  a  suitable  representation  of  parlor  gaass, 
did  not  seea  adequate  for  aany  other  situations*  Ths  rigid  derelopaent  of 
one  aove  following  another  is  not  typical  of  aany  economic  decisions,  though 
It  Is  s<Maeidiat  analogous*  It  Is  not  usually  possible  to  state  In  adeanes  that 
Industry  A  will  aake  a  decision  among  certain  altematlTss,  and  when  It  does, 
and  only  then.  Industry  B  will  aake  a  decision*  The  economic  laqx>rtance  of 
Is  too  well  known  to  belabor  this  point,  so  an  eeonoale  process  In 
extension  will  not  often  be  an  extensiws  gaae;  thus,  one  must  ask  how  we  can 
hope  anything  as  rigid  as  a  gaas  tree  will  represent  anything  other 
fctian  parlor  games*  Then  suddenly,  by  msenw  of  the  strategy  notion,  we  have 


r«dae«d  all  parlor  gamm  to  the  form  of  n  pljgrers,  each  trying  to  aaxlalza 
a  different  function  of  n  Tarleblee,  only  one  of  which  le  controlled  by  each 
player.  It  la  Intultleely  clear  that  this  form  is  milted  to  aoelally  nore 
Interesting  probleae. 

The  reduction  of  a  specific  econoole  situation  in  Its  "extenslre" 
for,  while  not  a  gans  In  extenslwe  font,  will  entail  the  use  of  what  are 
CMODonly  called  "strategies".  Again,  actually  finding  the  s^'s  and  the  lij^'s 
for  real  situations  is  a  aonuoental  task,  but  It  can  be  done  In  principle  for 
a  great  naiqr  different  situations  which  In  their  detailed  or  "extensive" 
structure  are  not  isoamrphlo,  even  In  scew  approadLniate  senna,  to  a  parlor 
gana.  These  practical  difficulties,  no  nore  than  slnilar  ones  In  the  physi¬ 
cal  sciences,  do  not  cancel  the  power  of  a  theory  to  study  all  possible 
oases  encoapassed  by  the  theory. 

3.2  lOxsl  Strategies  gi^  fsifitft 

Our  description  above  that  in  the  nomal  fom  of  a  game  "each  player 
has  exactly  one  move... and  he  takes  his  move  in  the  absence  of  any  knowledge 
about  the  choices  of  the  other  players"  tends  to  be  misleading.  For  while 
he  may  have  no  knowledge  of  the  choices  of  the  other  players,  it  does  not 
follow  that  the  players  have  not  agreed  beforehand  to  make  certain  choices. 

It  sl^ly  BMans  that  if  such  an  agreement  were  reached  and  a  double-cross 
occurred,  none  of  the  other  players  would  know  of  it  wdien  he  sade  his  choloe. 
Thus,  we  say  distinguish  situations  where  conmunlcatlon  can  oecxir  among  the 
players  and  coalitions  can  form  prior  to  Uie  play  of  the  game  from  those 
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in  which  no  cn—in1flit1on  lo  allowod.  Tho  waot  aaoimt  of  n-p«rsoa  gm» 
tboa«7  i«  devoted  to  the  foner  eea*  end  it  will  b«  dleoueeed  In  eeetione 
IllaS*  and  111.6,  and  to  aoaa  extent  in  I11.7. 

Certain  authora,  notably  liaah,  have  felt  that  this  is  not  the 
baaio  eaae  to  stody,  bat  rather  gaaaa  in  which  no  eoanunloatlon  is  allowed. 

One  oannot  bnt  be  sTwpathetlc  with  this  view,  for  the  possible  restraints 
on  on— in1  ration,  exelodlng  complete  prohibition,  at  least  rival  in  coo^plex- 
Ity  the  rales  of  the  gans,  and  so  th«y  afford  a  problea  as  eoaplax  or  aore 
so  -  as  the  one  originally  tackled.  Haah  arguee  £16])  that  whatever  cooeunloa- 
tion  is  allowable  ean  ba  Introdooed  as  part  of  the  f onal  struetnre  of  the 
gaae,  with  the  bargaining  as  forwal  aoves.  This,  in  the  nomal  fom  of  the 
gaae,  slnply  enlarges  the  domain  of  the  various  strategies  and  extends  the 
payoff  ftmetion.  Ware  it  possible  to  give  an  explicit  and  intuitively  ao- 
eeptable  way  of  enlarging  an  extensive  gaise  so  as  to  include  coaonnloatlon, 
the  argonent  would  be  aore  convincing.  The  difficulty  in  so  doing  is  not 
unrelated  to  the  fact  that  most  econoaie  situations  in  extensive  fora  are 
not  gaaes  in  extensive  foraj  tiaing  in  bargaining  can  often  ba  of  vital 
importance.  In  addition,  if  one  were  to  treat  coalition  foraution  as  aoves 
in  an  enlarged  extensive  game,  then  one  would  lose  the  chance  of  developing 
a  theory  of  ooalition  foraatlcn  in  a  giae  sltnrMon,  which  nay  be  the  most 
interesting  aspeot  of  general  gaas  theory  to  the  social  sciences. 

But  whether  or  not  we  accept  the  belief  that  all  gomes  should  be 
recast  in  teras  of  non-cooperative  gaaes,  one  part  of  the  theory  oertalnly 
should  be  devoted  to  non^ooperatlve  gaaes.  Prestmably  it  should  be  a 
"natural"  extension  of  the  (non-cooperative)  2-person  theory.  This  is  not 
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to  MT*  that  it  «111  not  Inolodo  aora  phaooiaaoa  for  ganaral  n  than  for  n  ‘S'  2* 
bat  onlx  that  tha  tbmory  tar  az^trarjr  n  ihoiild  oolnolde  with  that  al  i  atilj 
devalopad  ahan  n  =  2.  In  actual  fact*  In  its  poraaant  foans,  ahi^  is  dua  to 
Rash,  the  gsnaral  thaorj  of  non-eooperati‘re  gaass  does  not  hsTs  eharaotsristies 
diffarant  f^^>a  tha  2-parson  oasai  Nash's  contribution  is  an  appropriate 
ganeraliaation  of  an  aquilibrina  point  and  a  proof  of  tha  azistsoee  of 
aquilibriua  points  'in  ganss.  [l83 

Soppooa  that  in  a  gana  it  is  possible  to  find  a  strat^]r  for  aaoh 

plagrer,  sojr  *x$*2»***»*n*  that  if  avory  player  except  one,  say  J, 

» 

ohooses  s^,  than  the  raaeiaing  player  oannot  do  better  than  ehoosa  Sj.  That 
is,  J's  payoff  for  any  other  strategy  rj  eiU  not  exeaad  ahat  he  will  obtain 
by  choosing  Sj«  Foraally,  ee  require  for  arery  J  that 

“j^*l»*2»*****n^  ^ 

If  this  is  the  oasa^  than  ee  soy  that  (e]^»S2»...,Sg)  Is  an  aoulllbrina  jalsl; 

In  pore  stratagias*  (It  is  a  point  in  tha  n-spoee  of  pure  stratagies»} 

Thus,  if  tha  players  are  at  an  aquilibrioa  point.  It  does  not  behooTs  any 
single  player  to  aoee  froa  it,  though  if  soTeral  eere  to  change  together 
they  night  all  iaproTs  their  lot.  But  since  no  cnenuni cation  is  allowed, 
it  ei^t  be  thought  that  ones  tha  players  orriTed  at  an  aquilibriun  point 
they  woald  be  in  equUibriun,  i.a.,  there  would  be  no  resultant  foroec 
acting  to  aaka  anyone  change.  Hoeewer,  it  is  not  difficult  to  shoe  that 
this  Goaoept  at  aquilibriun  in  pure  strategias  Is  the  sans  as  that  defined 
In  Part  II  when  n  s  2,  so  all  the  objections  and  dlffioultias  raised  thare 


afiply  hers  without  ohanga 
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As  tor  tbs  2-p«rson  csss,  thsrs  Is  do  assDrsDce  In  gspsrsl  that 
Ml  oquUlbrlai  point  In  pors  stratsglae  satlsts.  It  is  knoan  that  a  snfflol— 
ant  oondltlon  tor  gaaas  to  have  oquUlbrlim  points  In  pure  strateglss  Is  that 
thsjr  have  perfsot  Infonatlon  £83  hut  this  Is  not  a  nsesssarx  condition* 

Dalk^  £43  has  given  a  nsoeasary  e«)ditlon,  but  a  discussion  of  this  would 
take  us  beyond  the  scope  of  this  report* 

A  second  way  of  dealing  with  the  problan  Is,  as  in  the  2-pflr8on  ease, 
to  Introdttoe  the  concept  of  a  nlzed  strategy*  In  eesenoe,  the  player  does 
not  tell  the  unplre  ehleh  strategy  to  use,  rather  his  instructions  are  to 
choose  a  strategy  by  a  chance  device  according  to  a  given  prohabiU^  dls- 
trlbutlcn.  Thus,  a  liiidl  strategy  for  player  1  Is  a  porobablUty  dlstrl- 
Imtlon  over  his  set  of  pure  strategies  s^.  IKs  nay  denote  the  distribution 
as  p(sj^)*  Of  course,  the  given  payoffs  l^(s^,S2,***,Sg}  are  only  defined 
over  pure  strateglee,  but  we  can  extend  the  function  to  nixed  strategies  In 
a  natural  nay,  for  sxq^se  player  1  uses  a  alzsd  strategy  axid  each  of 
the  others  uses  pure  strategies,  then  we  define 

In  like  aanner,  we  nay  eact«id  the  notion  of  payoff  function  to  the  entire 
product  spaee  of  nixed  strategies*  Of  course,  the  notion  of  a  nixed  strategy 
has  the  sans  psyehologleal  peculiarities  for  n  players  as  It  did  for  2* 

The  above  definition  of  an  equUlbrlun  point  In  pure  strategies 
can  obviously  be  taken  over  with  a  f omal  substitution  of  for  s^  to 
yield  a  definition  of  an  equUibriua  point  In  nixed  strategies*  Nash's 
principal  tbeoren  [l8]j  shows  that  over  the  dooaln  of  mixed  strategies  every 
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rinit«  gaaa  has  at  least  one  equilibrium  point.  This  shows.  In  effect, 
that  the  definition  Is  acceptable,  at  least  In  the  sense  that  ersrjr  gasM 
has  such  a  point.  It  Is  a  matter  of  Intuitive  Judgment  and  eiq^irlcal  veri¬ 
fication  whether  It  really  is  acceptable  in  social  science;  many  feel  It  is 
not. 

3.3  Perfect  £ssflll  i&l  gtfttTlgral 

It  has  probably  occurred  to  the  reader  that  while  these  notions 
of  strategies,  both  piire  and  mixed,  are  fine  tricks  for  the  mathematical 
development  of  game  theory,  people  almost  never  pick  a  strategy  on  such  a 
grand  scale.  The  domain  of  strategies  Is  Just  too  large  ever  to  have  been 
completely  given  even  for  most  parlor  games;  in  all  the  years  that  chess 
has  been  played  and  analysed,  only  a  small  fraction  of  partial  strategies 
has  ever  been  discussed  and  listed,  though  Judging  by  experience  they 
include  most  that  are  really  Important.  Nonetheless,  one  might  wcxxler 
about  a  theory  of  games  with  a  more  limited  view  of  the  strategy  notion. 

One  of  a  somewhat  special  and  limited  nature  has  been  examined  and  the 
results  are  of  Interest,  for  in  a  certain  Important  class  of  games  they 
Justify  a  theory  based  on  mixed  strategies. 

Instead  of  giving  a  mixed  strategy  to  the  uiqplre,  a  player  might 
specify  for  each  of  his  infomatlcxi  sets  a  probability  distribution  over 
the  alternatives  at  each  set.  Such  a  set  of  distributions  Is  known  as  a 
behavioral  strategy  for  the  player.  Now,  while  It  is  still  a  monumental 
task  to  list  b^iavloral  strategies  for  most  games.  It  may  be  felt  that  in 
effect  a  player  has  such  a  distribution  In  his  mind  idien  he  makes  declslcas 
during  a  play  of  the  game,  and  by  making  him  play  it  many  times  (aftar  laam- 
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Ing  has  oocuzTsd)  sxxl  obssrrlng  his  choices  we  could  gwt  experiments!,  esti¬ 
mates  of  these  distributions. 

It  Is  reasonably  clear  -  and  It  can  be  shoen  -  that  by  using  mixed 
strategies  a  player  can  do  as  well  as  by  using  b^uvloral  strstsgiss,  anrt 
examples  can  be  presented  where  he  can  do  better  with  mixed  strategies. 
Therefore,  It  is  of  Interest,  to  classify  those  games  in  which  it  is  possible 
for  the  players  to  do  as  well  using  behavioral  strategies  as  using  mixed 
strategies.  This  problesi  was  posed  and  solved  by  Kuhn  [Sj  . 

The  appropriate  class  of  games  turns  out  to  bo  that  in  which  each 
player  remembers  everything  he  did  prior  to  each  move,  thou^  he  may  not 
know  idiat  choices  the  other  players  made.  Such  games  as  bridge  are  to  be 
excloded  by  definition,  but  most  parlor  games,  if  played  by  rational  players, 
are  included.  Formally,  let  us  suppose  ^lat  V  is  any  one  of  the  information 
sets  of  some  player  1.  Let  Q  denote  any  move  made  by  i  which  is  prior  to 
the  information  aet  V.  If  there  la  bat  one  branch  from  Q  which  lesda  to 
any  of  the  moves  contained  in  7,  then  when  player  1  ia  in  V  he  will  recall 
perfectly  what  he  did  on  Uia  move  Q.  If  thle  le  the  ease  for  every  possible 
1,  7,  and  Q  in  a  gaco,  then  we  say  that  it  ia  a  game  having  perfect  £tSlU<> 

It  will  be  recalled  that  if  every  information 
sat  contains  but  aaa  move,  the  gams  is  said 
to  have  perfect  inforamtlon.  Since  a  game 
is  based  on  a  tree  and  hence  there  are  no 
closed  circuits  of  brazaehes,  a  gams  with 
perfect  information  is  one  with  perfect  re- 
oall,  but  the  converse  is  not  true,  since 
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plMjw  i  mij  not  know  itiat  plajer  J  did  prior 
to  soiaB  Infoxvatlon  set  0*  The  gaM  tree  of 
Fig.  5e  has  perfect  recall  but  not  perfect 
Infomatlon.  The  cnly  any  In  ahlch  the  game 
■l^t  not  have  perfect  recall  Is  for  player  1 
to  be  tmeertaln  on  the  third  move  as  to  ehat 
he  did  on  the  first  move.  This  is  not  the 
case.  The  game  in  Fig.  5b  does  not  have  perfect  recall  because  If  player  1 
is  In  the  Information  set  marked  V  on  move  three,  then  he  cannot  determine 
ehlch  of  the  teo  branches  he  selected  on  the  first  move. 

The  expectation  of  a  player  using  behavioral  strategies  is  obtained 
from  the  original  payoff  functions,  eel^ted  aeoardlng  to  the  various 
probabilities  In  the  behavioral  strategy.  In  ninoh  the  same  eay  as  ee  obtali>> 
ed  the  payoff  for  strategies  from  that  for  pure  strategies.  With  this 

definition  it  is  possible  to  show  that  in  games  with  perfect  recall  there 
are  behavioral  strategies  which  have  the  same  expectations  as  the  best  mixed 
strategies.  Thus  for  games  with  perfect  recall  it  does  not  matter,  as  far 
as  theories  involving  expectations  are  concerned,  whether  we  use 

behavioral  or  mixed  strategies. 

3.4  signaling  Str«tegiae 

Oiven  that  by  using  strateglee  we  can  do  as  well  an  possible, 

and  that  for  games  with  perfect  recall  the  use  of  behavioral  strategies  can 
be  as  good  as  using  mixod  strategies,  the  question  arises  whether  anything 
more  oan  be  said  for  games  without  perfect  recall.  Thoq>son  [283  attacked 
this  problem  and  he  has  given  an  Intuitively  very  acceptable  solution.  In 


Pig.  5b 


111-35 


rnttmotf  bm  ahoira  tlut  Mtxxl  atrmtoslM  ar«  r«qulrad  bot  only  omr  th* 
infonatioo  sets  ahloh  prersnt  there  beli«  perfect  recall]  over  the  other 
Inforastlon  eete  one  nay  uae  behavioral  etrategieae 

Ife  want  to  alagle  out  those  infonatlon  aeta  ehloh  prevent  a 
gaaa  froa  having  perfeot  reoallt  An  Information  sat  U  associated  with 
player  1  Is  called  a  wiwnaUng  information  set  If  cme  can  find  an  Informs" 
tlon  set  7  of  player  1  idiloh  follows  0  sneh  that  there  exists  a  nova  Q  In 
U  with  a  path  from  Q  to  a  move  of  7  and  another  move  Q*  In  0  with  a  path 
to  a  move  of  7,  but  the  branch  from  Q  which  begins  the  first  path  does  not 
correspond  to  the  branoh  from  Q*  which  begins  the  seeoxid  path*  Thus,  when 
player  1  Is  at  the  Informatlm  set  7  he  Is  unable  to  know  whether  he  made  the 
oholoe  of  one  brax»h  at  Q  or  of  a  non-oorrespondlng  branoh  at  Q'  when  he 
was  at  his  Information  set  U,  As  sn  example,  consider  Fig*  5b,  and  let  U 
be  the  Information  set  consisting  of  the  first  move  of  the  game  and  7  the 
Indicated  information  set*  If  we  take  either  branoh  at  U,  then  It  Is  easy 
to  see  that  paths  to  7  exist  In  both  eases,  so  0  Is  a  signaling  Information 
set* 

The  term  'signaling*  used  here  arises,  presumably,  from  a 
consideration  of  bridge,  which  must  be  e<msldered  a  2— person  game  with 
the  pairs  of  partners  being  single  players*  The  move  of  one  of  the  part¬ 
ners  often  serves  to  signal  considerable  Information  to  the  other  partner 
(and  the  term  'elgnal*  Is  part  of  the  vocabulary  of  bridge),  but  It  Is 
newly  always  the  case  that  when  the  second  partner  comes  to  his  next  move 
he  Is  not  fully  certain  from  vhat  dosaln  of  possibilities  the  first  part¬ 
ner  made  his  choice*  Hras,  the  player  (  =  the  pair)  cannot  at  any  point  in 
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th«  gaiM  hmn  fall  rooall  «a  to  what  *he*  did  a  Uttla  earllar. 

L«t  ^  be  the  set  of  all  signaling  Inforaaticn  sets  for  placer 
!•  If  ^  ^  ~  the  e^pty  set)  for  all  1,  then  It  Is  not  difficult  to  see 

that  the  gaae  has  perfect  recall,  and  conrerseljr. 

Earlier  «e  defined  the  notion  of  a  pure  strategy-  otst  the  set  of 
all  Informtlon  sets)  we  can,  of  coozae,  do  the  same  thing  over  the  set 
and  we  call  this  a  pure  ■tonal -ing  strategy  for  player  1.  In  like 
■  manner,  a  probability  distribution  over  the  pure  signaling  strategies  of 
player  1  Is  called  a  «giwad  signaling  strategy >  These  notions  are  exactly 
the  same  as  those  given  In  section  II1«3*1,  except  that  the  domain  of  defini- 
tlon  Is  restricted  to  the  signaling  infonaatlon  sets  rather  than  to  all 
inforsmtlon  sets. 

An  associated  ateAt^Ey:  ^ or  play«r  1  Is  a  nixed  signaling 

strategy  over  the  set  of  signaling  information  sets  and  behavioral  strategies 
over  each  of  the  other  Infomation  sets  of  player  1.  That  is,  over  the 
information  sets  having  perfect  recall  we  continue  to  use  behavior  strate^ 
gies,  and  over  all  other  information  aets  we  use  mixed  strategies.  It  la 
easy  to  see  that  for  games  with  perfsot  recall  associated  behavior  strat»> 
gies  are  the  earns  as  bshavloral  strategies. 

The  prlnoipal  result  proved  by  Thompson  C28D  Is  that  for  any  finite 
game,  a  player  can  find  an  associated  b^iavloral  strategy  which  will  result 
In  the  same  payoff  as  the  best  mixed  strategy  (and  of  course  the  eonverae 
holds  -  he  eamwt  do  better  using  an  assooiatsd  behavioral  strategy  than 
a  best  mixed  strategy). 
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This  result  Is  of  considerable  Importance  In  the  ezamlmtion  of 
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•paoiflo  gtumm  wlthoat  p«rf«ot  r«eall«  ThoapaoD  r— r?f ,  "nils  thaorni 
togathar  with  the  fact  that  tha  ncmallsad  fom  of  tha  gaaa  obaouraa 
signaling  atratagiaa,  eoqplalns  ona  raaaon  why  tha  noraaliaad  fora  of  the 
gaaa  la  not  always  tha  bast  fora  In  which  to  solra  actual  gaMs.”  (28,  p*  2751 
Id  anothar  paper,  which  wa  cannot  go  into  here,  Thaeps«i  (|293 
nsaa  tha  notion  of  signaling  strataglas  to  axaaina  a  slzqjllflad  fora  of 
bridge. 

For  a  gasM  In  axtanslTe  fora,  l.a.,  described  by  aaana  of  a  tree 
of  aoras,  Inforaatlon  sets,  ato.,  we  pointed  out  that  rather  than  aalclng 
each  mor>9  as  it  arises  a  player  could  ohooea  a  eonnectad  systasi  of  oholeas, 
ona  for  aaoh  possible  ecntlnganoy  in  the  gaaa.  Such  a  oonplete  stateaant 
of  actiwons  Is  called  a  pure  stratasr.  and  to  each  player  1  one  aay  associate 
the  space  of  all  his  possible  strategies.  Ilian  each  player  has  salaotad 
a  strategy,  the  outooaa  of  the  gaaa,  or,  when  there  are  chance  aoras,  a 
probability  dlstrlbutlcn  over  the  possible  ontooaes,  is  deterainad.  Thus 
wa  defined  tha  payoff  function  ovar  atrategias  as  the  expected  payoff  orsr 
tha  outooaaa  arising  frca  the  strategies.  By  this  aeans,  any  extanslTe  gaaa 
was  radnoad  to  tha  situation  idiare  aaoh  player  1  selects  an  aleaant  frca  tha 
space  of  his  strataglas  without  any  knowledge  of  tha  choices  of  the  other 
players.  From  these  ohoioaa  the  payoffs  to  each  of  tha  playars  are  detaralned 

froB  real-valued  fnnotlmis  of  the  fora  If.  (s,  ,s  ,...,b  }  where  s^€S.  . 

*  1  2  n  1  1 

Such  a  sltuatim  is  known  as  a  gaaa  In  irt  £sSli» 

The  strataQr  spaces  were  then  extended  to  spaces  which  Include 
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all  poaaibla  probability  diatrlbotlona  cmr  para  atrateglas,  and  tba  payoff 
fnnotlaoa  vara  axtandad  In  tha  natural  aannar  by  valghtlng  tha  poyoffa  OTar 
pure  otrataglaa  aooordlng  to  tha  glaan  probability  diatrlbotlon.  An  alaMOt 
of  this  larger  apaoa  —  a  probability  dlstrlbatlon  over  pure  atrategleB  -  la 
oallad  a  JilSBil  atratagy. 

An  n-tuple  of  alzed  atratagiaa  (  <^  .  OI....,  or  )  la  called  an 

•*•2  n 

aoulllbrlaa  point  If  the  payoff  to  aaoh  player  1  la  narar  Inoraoaad  ahan  1 
aelecta  a  nixed  atrategy  different  from  and  all  the  other  playera  take 
the  atrategy  of  the  equilibrium  point*  It  can  be  ahonn  that  an  equilibrium 
point  exlats  in  mixed  strategiea  for  every  n-peraon  game,  but  thia  theorem 
doea  not  hold  for  equilibrium  point  reatrlcted  to  pure  atrateglea*  An  equi¬ 
librium  point  might  be  expected  to  ariae  with  vary  eonaervatlve  "rational" 
playera,  but  aa  a  daacxiptlon  of  player  behavior  tha  equilibrium  point  la 
aubjaot  to  the  crlticlama  raiaed  in  Part  II  of  thia  report* 

Following  this,  the  concept  of  a  behavioral  strategy  waa  intro¬ 
duced.  It  la  a  aet  of  probability  dlatributlona  over  the  altematlvea  of 
each  of  a  player 'a  information  aeta.  It  was  obaervad  that  a  player  can 
never  do  better  ualng^Jbdiavioral  strategy  than  using  one  of  the  beat  mixed 
strategies,  but  there  are  some  gaiaea  in  which  he  can  do  aa  well  by  using  a 
behavioral  strategy.  A  class  of  games,  those  said  to  have  perfect  recall. 
was  defined;  it  was  obseiMred  that  games  of  this  class  have  the  above  pro¬ 
perty.  In  the  final  section,  the  question  was  raiaed  as  to  over  idiich  informa¬ 
tion  sets  it  is  necessary  to  use  mixed  strategies  in  order  to  do  aa  well  as 
using  full  mixed  strategies.  This  led  to  introducing  signaling  strategies 
which  consist  of  mixed  strategies  over  the  class  of  so-called  signaling 
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Infor—tlop  ifiit  b«ha'vlorml  •tr*t«ciM  ov«r  th«  r«—1n1ni  Infonatioo 
Mts*  and  th*  prlnelpal  thaorea  !•  tha^  thera  la  always  a  algiiallng  atzstagjr 
for  a  playar  idiloh  will  raault  in  t  ha  aaoa  payoff  as  ona  of  hla  best  adxad 

strataglaa. 

4.  Cealitlons  and  the  Caiaract eristic  yunetlon 
4.1  Xb£  <H\am%ensils  isafiilsa 

The  praaantatlon  of  the  prawious  two  aaetioaa  has  bean  ^>plleable 
to  all  n  ^  2}  wharaaa  wa  argued  in  the  Introduetioo  that  there  ware  reasons 
for  separating  the  oaaa  n  n  2  trim  n  >  2,  for  in  the  latter  oaaa  collusion 
aawng  soan  of  the  players  nii^t  oocur.  This  saetlcn  and  sections  HI  .5  and 
Ille6  are  dswotad  to  theories  of  coalition  fomation» 

Let  us  initially  rastriot  our  attention  to  zero-sua  gaasso  Sup¬ 
pose  S  is  a  subset  of  the  players  who  have  deeidsd  to  fom  a  coalition  in 
the  sense  that  aa  a  group  they  ahall  deoida  on  indiridual  couraas  of  action 
which  together  oausa  the  group  to  do  as  well  as  possibles  How  the  Indlwi- 
dual  payasnts  com  out  does  not,  for  the  aoaant,  aatter,  as  long  as  the  8U»> 
aation  of  them  over  the  ■enbara  of  S  is,  in  soae  sense,  as  good  as  possible* 
one  ai^t  object,  however,  that  if  it  turned  out  that  whenever  the  coalition 
did  its  best  one  of  the  players  in  the  ooalition  did  no  better,  or  even 
woree,  than  he  could  have  alone,  then  it  alght  indeed  be  difficult  to  per¬ 
suade  hla  to  rsaain  in  the  coalition*  As  long  as  ^e  payoff  is  in  soae  sort 
of  transferable  utility,  as  we  have  assuaed  it  is,  this  is  no  problsa.in 
principle,  for  the  other  aeabera  of  the  ooalition  aay  extend  to  hla  side 
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IMgrMots  in  carAn  to  k*^  hln  In  the  ooelltlon.  The  extent  of  the  side  pegr- 
nent  le  •  diffletilt  problen  of  prediotion,  but  it  poreeuaeblgr  depende^  in 
pert,  on  hie  contrlbutlona  to  the  totel  strength  of  the  ooelltlon*  This 
suggests  tbet  It  tmj  be  sufficient,  in  developing  e  theory,  to  look  et  the 
total  pegnent  received  by  e  coelition. 

The  eorst  possible  situation  net  by  a  coalition  is  for  the  re- 
■eining  set  of  players,  -S,  also  to  font  a  coalition.  The  effects  of  any 
other  possible  coiiblnatlon  of  players  not  in  S  can  be  achieved  by  the  coali¬ 
tion  -S,  and  in  general  it  oan  aohieve  soaie  outoosMS  not  in  the  province 
of  less  unified  asgregdtes  of  plagrers*  Thus,  a  characterisation  of  the  sdnl- 
Eoe  power  of  a  coalitllpn  is  its  expected  payoff  when  the  renal  nlng  plagrers 
also  aot  as  a  coalition,  in  other  words,  when  the  gaae  is  played  as  a  2-person 
gane  between  two  ooalitions*  This,  of  course,  is  the  ease  we  have  already 
exanlned  in  Part  U  and  for  which  there  is  a  uxiique  (conservative)  value  given 
by  the  aAninsT  theoren.  Let  this  value  be  denoted  by  t(S)  for  the  coalition 
S*  Since  thie  nay  be  eoq^rated  for  each  possible  coalition,  i*a.,  subset 
of  plagrers,  we  therefore  have  obtained  a  funotlon  t  with  donaln  the  subsets 
of  =1  { 1,2,. *.,0}  and  range  the  real  numbers,  l.e*,  a  real-valued  set 
function.  Assuming  the  normal  form  of  the  gams  is  known,  the  oalculatlons 
involved  in  determining  v  are  generally  ovenrttelming.  This,  however,  does 
not  weakan  the  power  of  the  theory  to  study  all  such  funetloas*  The 
funotlon  V  is  not  without  oertaln  restriotioosj  it  may  be  shown  that  in  the 
sero-sum  case  it  satisfies 
i.  v(IJ  Sh  0, 

il.  v(S)  =  -v(-S),  for  all  S  CI^, 
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Hi.  =  0, 

It.  If  R  and  S  ar«  anjr  tno  disjoint  aubsata  k\S  plitxara, 
t(rUs)  ^  t(R)  ■I-t(S). 

(Rote  that  oondition  ii,  cooditioos  i  and  iii  are  e-}nivalent.)  The 

first  teo  oooditiona  8ia|>l7  reflect  the  sero-siai  character  of  the  gaae. 

The  third  is  a  foonaal  stateoent  of  the  obrlona  fact  that  the  anbaet  inrolr- 
in{;  no  plajrars  neither  loses  nor  wins  angrthing.  The  liQiortant  condition 
is  iT,  ehieh,  whan  one  thinks  about  it>  is  an  extrawely  reasonaol’  jaa. 

It  says  that  the  wholb  does  not  obtain  less  than  the  sob  of  its  par^s•  or^ 
in  another  eay,  a  coalition  composed  of  the  disjoint  sets  R  and  S  can  do 
angrthing  R  and  S  can  do  separatelx,  and  possibly  aore. 

The  function  t  has  been  nsMd  the  9hiri9\ftrt?tt9  fWFttgB  OL  \ 

Moaramam^ 

It  is  interesting  axid  laportant  that  any  real-Tslued  set  functim 
T  satisfying  conditions  i  tfarou^  ir  is  the  characteristic  function  of  a 
sero-sun  gane.  That  is,  giren  snob  a  t  it  is  possible  to  construct  a  iraae 
which  has  as  its  characteristic  function  t. 

The  extension  of  this  notion  to  non-sero-saa  gaass  is  not  collate- 
Igr  straightforward,  but  rather  it  requires  a  ■atheoatical  trick.  Suppose 
we  have  a  non>sero-sun  gane  with  n  players  and  to  it  we  add  a  fictitious 
player  is  not  truly  a  free  agent  in  the  gane  but  is  so  oironasoribed 
that  the  resulting  gane  on  the  n-fl  players  is  sero-sun  and  idio  does  not 
play  a  significant  role  in  coalition  forawtlono  It  is  not  co^iletely  obTious 
that  this  can  be  done,  but  it  can.  For  the  augnented  (xero-sum)  gane  one  can 


obtain  a  eharaetorlstlo  ftnctlon,  vhieh  ahon  raatrletad  to  tho  •nboots  of  tho 
original  n  plagnara  la  callod  the  eharaoteristle  ftaietion  of  that  gaae*  It 
has  oBljr  two  propertleet 

1.  v(^)  =  0 

11*  If  R  and  S  are  angr  two  disjoint  sobsets  of  plaTers, 

▼(RUs)  ^  t(R)  +  t(S). 

Iff  In  addition,  the  gane  is  coostant-soB  (not  necessarlljr  sero^sni,  bat 
not  excluding  that  oase)  then 

ill.  t(S)  =  ▼(!  )  -t(-S),  for  all  S CI  . 

n  n 

Of  coarse,  if  wo  assuae  the  gane  is  sero-saa,  then  ▼(Z,^)  ~  0  and  ill  beeoaas 
the  old  condition  11  • 

Iben  we  use  the  tern  characteristic  shall  tiean  asQr 

real-Talaed  set  fanotlon  satisfying  1  and  ii,  for  It  is  again  tme  that  to 
each  aooh  function  there  is  a  gane  (no  longer  sero-sun)  for  whleh  It  is 
the  charaeterlstlo  fanotlon* 

As  In  the  oase  of  sero-son  ganes,  the  first  ooodition  refleet* 
the  strateglo  Inoonsequenee  of  the  null  set,  and  the  second  ttiat  angr  coali¬ 
tion  Is  at  least  as  potent  as  angr  two  disjoint  sob-ooalitlons  fomed  fron 
It.  Now  while  these  conditions  haws  been  derlTsd  Trom  gam*  considerations, 
first,  of  a  gaas  In  extenslTO  fora,  than  in  nonwl  fora,  and  then  using  the 
2-person  theoTf  (with  all  the  dlfflooltles  aentloned  in  Part  II),  It  snst 
be  adaltted  that  were  ips  to  think  aboot  coalition  fomatlon  renowed  froa 
any  specific  theory  of  ganes  we  could  not  reqnlre  less.  That  is,  were 
we  to  suppose  the  potency  or  strength  of  a  coalition  could  be  neasorad  nonerw 
loally,  then  we  should,  at  the  rary  least,  require  that  conditions  i  and  11 
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C 

b«  Mt  -  IndMd,  «•  would  probabljr  try  to  wpooify  wore.  It  Is  snrprlslne 
thst  bx  restrletlag  our  sdsItsIs  to  s  gsas  ws  do  not  obtain  furthsr  ro~ 
qulrsasnta  to  be  aet  bj  eharseterlstio  fimotlons*  Thus,  while  we  shall 
■ake  certain  eritiolaas  of  the  eharacterlstic  ftmotlon  as  an  iq(terpretatlon 
of  the  stmoture  of  a  gutOp  the  abcrtrset  notion,  and  the  r«anltlns  theorjr, 
appear  to  be  very  generally  representative  of  the  power  of  coalitions  in 
hisaan  situations*  Of  oourae,  the  nvsrieal  values  obtained  froa  a  game 
analjrsis  may  well  differ  from  those  we  nl^t  assign  by  soaw  other  consider- 
atiwis.  This  suggests  -  and  it  is  easy  to  confirm  -  that  the  study  of 
eharaoterlstio  functions,  which  is  completely  related  to  game  theory,  is 
■ore  general  in  that  situations  which  are  not  games  in  nonaal  form  can 
give  rise  to  such  functions;  but  in  conformity  to  present  usage,  we  shall 
refer  to  a  finite  set  and  a  characteristic  function  defined  over  the  subsets 
of  the  given  set  as  a  game*  Later,  we  shall  present  reasons  to  suppose  the 
study  lal^t  be  more  appropriately  called  "the  theory  of  finite  super-additive 
measures". 

Our  next  step  Is  to  divide  games  into  two  classes.  It  is  con¬ 
ceivable  that  thex*e  are  games  in  idtleh  no  coalition  of  players  is  more 
effective  than  the  several  players  of  the  coalition  operatixig  alone,  in 
other  words,  that  for  every  disjoint  H  and  5,  v(rUs)  ==  ▼(R)  +  v(S), 

Such  games  are  called  any  game  which  is  not  inessential  is 

called  It  is  not  difficult  to  see  that  a  game  is  Inessential 

If  and  only  if  ▼('(l}>o  Since  there  is  no  value  in  fonaing 

1*1 


G 


coalitions  in  Inessential  games,  it  is  clear  that  we  cannot  aKpect  any 


c 


III-34 


thaory  of  ooalitlon  donation  In  that  cam,  and  so  wm  shall  be  ooocemsd 
only  with  assentlal  gsnss  from  now  on* 

4.2  grEBBiTlJigm  lOd  SfitBCfid  £SDU 

Frsqusntly  in  Bsthsoaties,  and  in  its  applications  to  solenoa, 

WB  dsflns  a  largs  olass  of  objects  all  of  shioh  satisfy  certain  oondltlons^ 
as  wo  have  done  above  vd.th  the  oharacterlstio  functions*  It  is  not  unconnon 
that  suoh  a  olass  can  be  partitioned  into  a  nuaber  of  noxw>T8rlapping  suh- 
classes,  the  elments  of  each  subclass  being  in  sene  sense  equivalent*  When 
this  is  done,  one  selects  a  representative  frtsa  each  olass  and  develops  the 
theosy  in  terns  of  the  representatives,  of  course  always  showing  that  the 
theory  is  invariant  under  'Uie  equivalence  concept  which  originally  allowed 
the  partitioning*  He  orast  turn  to  this  problem  for  characteristic  functions* 
The  intuitive  idea  of  equivalence  that  we  want  to  isolate  nay  be  called 
"strategic  equivalence",  l*e*,  we  want  to  consider  as  equivalent  two 
characteristic  functions  which  lead  to  the  same  strategic  considerations 
on  the  part  of  the  players* 

Suppose  that  one  characteristic  function  v  differs  from  another 
v'  only  by  a  oaltiplloatlve  positive  constant  c,  i*e*, 

v(S)  =E  OT»(S),  for  all 

then  the  two  charaoteristlc  functions  differ  only  in  the  unit  whereby  we 
measure  the  utility*  Qnn  example  would  be  to  transform  a  characteristic 
function  originally  in  dollars  to  one  in  cents*  It  is  clear  that  suoh  a 
change  of  unit  cannot  possibly  affect  the  strategjLO  character  of  the  game 
to  rational  players* 
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Hext,  eoocid^r  a  gaaa  with  eharaoterlstle  function  t  and  suppose 
that  each  plajar  1  la  paid  (or  la  eausod  to  pttjr*  dapending  on  tbs  sign)  an 
aaount  a^  prior  to  the  plajr  of  the  gana.  Certainly  these  pajments  cannot 
hare  an  effect  on  the  strategies  of  the  gain,  and  yet  It  Is  ea^y  to  show 
that  _ 

Is  a  charaet eristic  function.  %  certainly  sould  want  to  consider  this 
function  strategically  equivalent  to  v,  since  we  could  alwaj^  affect  the 
paynents  a^^  before  the  play  of  the  ^uae.  Cooblnlng  these  two  conditions, 
we  have  the  foUoirlng  definltlont  Two  n-person  gaaes  with  characteristic 
functions  v  and  v*  asre  ^-equivalent  If  It  is  possible  to  find  n  constants 
a^  and  a  positive  constant  o  such  that 

v*(S)  =:  ov(S)  ^ELa. ,  for  every  SQI  . 

leS  1  n 

It  aay  not  be  obvious  at  this  point  that  this  definition  of 
eqolvalenoe  Is  a  suitable  one,  and  that  no  further  grouping  Is  needed} 
but  the  results  we  shall  cite  at  the  end  of  section  III. 5.1  show  that 
it  la  adequate,  at  least  for  the  von  Reuaann-^lorgenstem  theory  of  solu¬ 
tions. 

Aesualng  this  Is  so,  we  wist  now  confront  the  task  of  selecting 
one  representatlTs  fron  each  class  with  which  we  aay  deal.  Two  suggestions 
have  been  put  forward,  each  of  which  has  certain  advantages,  prisMrlly 
In  the  slagillolty  of  stating  certain  gasMS  and  oertaln  definitions.  The 
principle  behind  both  of  them  is  that  it  is  possible  to  require  that  part 
of  the  representative  characteristic  function  be  the  sane  for  all  of  the 
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•qulvBlaoeo  elaasM.  Ignorlxtg  the  (eiaglc)  elus  of  ineesentlal 

m 

■won  Neoaian  end  Uorgenatern  have  ehom  that  there  la  one,  and  only 
one,  characteristic  ftmctlon  in  each  of  the  equlTalenee  classes  shloh 


satisfy 


v({l})=  -1,  1€I^,  and  =  O. 


This  they  called  the  redoeed  fora  of  a  class  of  eharaoteristle  funetionaj 
wo  shall  use  the  more  specific  ten  -1,12  reduced  fon. 

A  second  reduced  fora,  whloh  we  shall  call  the  12*1  reduced  fora. 
exists,  since  It  readily  follows  that  there  Is  one  and  only  one  character¬ 
istic  function  in  eaoh  equlralenoe  class  satisfying 
u({i})  =  0,  1€I„,  and  t(I^)  =  1. 

Wa  shall  use  the  ▼  notation  for  the  -1,0  reduced  fora,  but  fcr  clarity 
It  seesis  appropriate  to  use  a  different  synbol  for  the  0,1  reduced  forai 
we  diall  use  ■« 

Suppose  T*  is  the  characteristic  function  of  an  essential  gasie, 
then  the  question  arises  as  to  how  to  find  either  the  -1,0  or  the  0,1 
xwdueed  fora  of  the  gaooo  It  Is  not  difficult  to  show  that  the  transforss^ 


▼•(S)  - 

■(S)-  _ _ 

T'(I_)  -  21. ▼•({!}) 


lii; 

yields  the  0,1  reduced  forao  The  further  transforaatlon 
t(S)  =  nB(S)  -  )S|  , 

iriiere  |s|  =  nusber  of  el«sents  in  S,  yields  tiie  -1,0  reduced  fora.  Thus 


S 


•.••"  .-IF 

.:.  I 

.  t 


:  ^ 
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«•  h*Tt  a  aLapla  paroeadora  to  go  ft«ai  angr  oharaotarlatlo  fonotloo  to 
althar  of  the  radocad  faraa. 

Tha  foUoaing  reaarka  (to  aaetlon  III •4*3)  are  asaantialljr  paren¬ 
thetical  to  the  main  daTalopnetit  and  ao  may  be  oalttad  if  one  ehooaaa. 

One  of  the  firat  advantagea>  and  possibly  the  n»st  ij^portant, 
of  tha  0^1  radooed  fora  is  the  wphaele  it  places  on  tha  ralation  betaaan 
n-paraon  gaae  thacry  and  tha  concept  of  a  probability  measure  over  the  sub¬ 
sets  of  a  finite  set.  Let  us  place  side  by  side  the  conditiMis  a  0«1  re¬ 
duced  fora  ■  and  a  probability  measure  p  over  must  satisfy 


QtL-rrtKai  fmi 

i*  •  is  a  non-negative  real-valued 
sat  function 

ii.  u{lj  =  1 

iii. a(^)  =  O 

iT.  if  R  and  S  are  disjoint  subsets 
of  m(RUS)  ^  m(R)  +  b{S) 

T.  a({i))  =  O 

vl,  if  tha  gaae  is  oonstant-sua, 
b(S}  ==  1  ->(-5),  for  all  SC.I 


p  is  a  non-negative  real-valued 
sat  function 

p(i„)  =  1 

p(^)  =  0 

if  R  and  S  are  disjoint  subsets 
of  In,  p(RUS)  =  p(R)  p(5) 


it  follows  from  ii  and  iv  above  that 
p(S)  =  1  -p(-5),  for  all  S  C 


The  reseablanea  between  a  and  p  is  marked,  the  most  ll^x>rtant 

differences  being  tha  Inequality  in  tha  former  and  the  equality  In  the 

latter  for  iv,  and  tha  lack  of  a  p  expression  in  v.  Wb  cannot  have  p({i))  =  0 

for  all  i,  for  sera  this  the  case  then  by  a  repeated  application  of  iv 
« 

we  could  conclude  pC^q)  ~  O*  which  oontradiots  condition  ii.  We  shall 
return  to  this  correspondence  again  when  we  try  to  characterise  the 


I 
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prlnelp*!  probl—  of  n-p«r«oa  gam  thoorj* 

Earlliir  we  soggeated  that  tho  atudy  of  general  gams  bgr  neana  of 
charaeterlatlo  ftowtlons  wall  hawa  been  entitled  "finite  aopar-addltlea 

maanraa".  Coodltlttu  1,  111,  and  It  abowa  suggaat  the  nam  "super-addltlTS 
aeaaura*  and  oondltlon  11  aljaply  naana  that  wa  deal  with  normllsad 


awasurea,  aa  In  the  theorT'  of  probability.  Howarar,  condition  v,  ■({!})  s  0 
la  mat  unnaual  In  aaaaure  theory.  It  la  worth  pointing  out,  at  least  for 
the  mthemtlelan,  that  we  nay  drop  this  oondltlon  when  we  are  atudylng 
theories  InTarlant  under  S-aqulTalenea,  alnoe  voider  the  tranafoxmtlon 


■(S) 


'(S)s= 


-5: 

les 


•(W) 


.(I ) .  z:.(ci)) 

“  1€I 


n 

ai*  satisfies  a'({i|)  =  0  ersn  If  ■  does  not. 

Ttiaae  rmarka  serra  to  plaoe  the  study  of  oharaeterlatle  fnnetlona 
In  a  nore  general  mthemtlcal  fr  am  work,  naaiely.  In  the  study  of  arbitrary, 
finite,  normllsad,  raal-Tslued  set  fnnctlons.  If  for  all  disjoint  subsets 


R  and  S  of  a  finite  set, 

■(RUS)  -  MR)  -  MS) 

Is  equal  to  sero,  then  the  manure  la  addltlra  and  the  theory  Is  that  of 
dlsoreta  probabilities.  If  the  quantity  is  always  less  than  or  equal  to 
sero  than  the  awasure  Is  called  sid><-addltlva.  Sosm  work  has  been  dona  on 
these  functions  In  ccnjunotlon  with  the  theory  of  additlTe  masuraa.  Row 
ganc  theory  co^letm  the  area  by  Introducing  a  theory  of  finite  super-addltlTS 
masuras,  which  has  so  far  resulted  In  a  theory  Tory  different  from  the  sub* 
addltlTa  or  additive  one;  probably’  this  Is  an  Inherent  dlffaranoe  and  not 
sliply  a  reflection  of  the  game  'tenslnology  and  notlTation. 
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4.3  iMBfttwf  ml  PlrtrtVirttoa 

So  far  wa  hava  doalt  with  ofilgr  one  Ingredient  of  the  n-pereon 
ganet  the  strength  of  the  different  eoalltlon  poselfallltlee.  Diatlnet  trcm 
thla,  though  preeuaably  Influenced  bjr  it,  are  the  pajnBents  the  plaTora 
finalljr  reoelre.  Since  wa  have  aaauaad  a  tran^erable  nonerioal  utllltT’, 
the  direct  pajnMnte  and  any  aide  pwyenta  resulting  froai  coalition  fomation 
can  all  be  additlTely  combined,  so  that  for  each  player  i  a  final  peyiaent 
is  recelTed.  Thtm  the  total  set  of  payeents  is  an  n->ttq>le  of  real 
noahers,  idiioh  we  nay  write  aa  X  s  • 

Iticithar  a  player  is  In  a  eoalltlon  or  not,  it  is  hard  to  larnglne 
that  if  ho  is  rational  he  would  accept  a  final  payment  less  than  the  least 


he  can  eqpeot  to  reoelwe  if  he  wore  to  play  alone  against  a  coalition  of 
all  other  players,  so  we  impose  the  condition 
1,  t({i))  $  Xj^,  for  every  ^€1^.’ 


Farther  more,  we  nay  suppose  that  rational  players,  no  entter  how  they 
constitute  themselves  into  coalitions,  achieve  a  distribution  of  payments 
equal  to  what  they  would  expect  to  receive  if  they  had  formed  one  grand 


coalition.  For  suppose 


gain,  say,  the  amount  ▼(Ij,)  -  ~ 

ICIq 


^  v(Ijj},  then  each  could  be  made  to 


So  we  have  as  a  second  condition 
ii. 


2Zi  *4  = 

a  ^  V  A  <1 


i4rl. 


Any  n-tuple  X  of  real  nuabers  satisfying  1  and  11  is  callad  an  <»nirfcat<«n 
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of  th«  faa*  and  It  Is  Intcsvretad  aa  a  poaalbla  aet  of  payaenta  to  tha 
playara. 

Tar  ■neh  of  the  oharaoterlatl  ?  ftoaetlon  tbaory  It  la  not  tnOy 
neoeaaary  to  laqpoaa  eondltlaQ  11,  apaeifieally’,  it  la  ahoan  In  aactlon  I1I.5*6 
that  the  reatrlctlon  la  not  naoaaaax7  for  the  von  Waianann  Morgenatem  theory 
of  "aolntlona"  (m.5.1). 

One  gana  theoratlo  problea  (at  thla  leral  of  abatraetlon)  may  be 
atated  aa  foUonrat  Qlvan  the  ohataetarlatlo  ftnaetlon  of  a  game,  to  aeleet 
frca  the  aet  of  all  poaalble  l^potatlona  and  fyon  the  aet  of  all  poaalbla 
arrangaaMnta  of  the  pliers  Into  ooalltlona  thoae  which  aay  reaaonably 
be  expected  to  occur  with  rational  playera.  The  woorda  "nay  reaaonably- 
be  expected  to  oocnr”  are  not  apeclfled  either  In  the  extenalTe  or  nonail 
form  of  the  game,  and  It  la  the  more  or  lesa  arbitrary  apedflcatlona 
that  moat  be  aade  ahloh  glTe  parta  of  the  theory  the  jjl  hoc  character 
■antloaed  earlier.  So  far  the  Interpretatlona  have  been  aa  of  acme  sort 
of  atable  eqtilllhrliai,  Iben  thla  problem  la  aatlafactorlly  formolated  - 
and  aany  people  think  It  la  not  -  then  other  prbbleam  oan  be  ralaed,  anoh 
aa,  what  la  the  path  of  changing  ooalltlona  and  Ijqnttatlooa  from  a  non- 
equUlbrlnn  point  to  an  equlUbrlnm  point}  but  aiaih  problema  have  not 
yet  been  oonaldered. 

lb  may  throe  added  U^t  on  thla  general  problem  of  game  theory 
If  we  turn  to  the  0,1  reduced  fom.  Rote  that  by  aubstltutlng  the  oon- 
dltlona  for  the  0,1  reduced  fora  Into  the  eonditlona  for  Ijqpntatlona,  we 
find  that 

le  ^  0,  for 


UI-^ 


li. 


1€I 


=1. 


In  other  words,  the  set  of  iiqjutatiaiia  corresponding  to  the  0,1  reduced 

form  Is  idsotlcal  to  the  set  of  all  probability  dlstribotlons  over  the 

eleMots  of  1  •  Once  again  the  0,1  reduced  fom  has  thrust  us  close  to 
n 

probability  theory,  and  indeed  Uiis  siiggests  a  way  to  look  at  the  general 

equlllbrlUB  problea  of  gaas  theory. 

Let  X  =.  {|  x^,X2,...,x^  11  be  a  probability  distribution  over 

1q)  then  the  set  funotion 

P  (S)  ~  ^  f-ff 
X  '  i€S  1 

is  easily  seen  to  be  a  probability  steasure  over  (see  section  1II.4.2) 
which  simply  assigns  to  each  set  S  the  sua  of  the  individual  paTeents  to 
the  M^bers  of  So  Now  we  Interpreted  aCS)  as  characterising  (in  the  utility 
units  of  the  gsas)  the  strength  of  the  coalition  S»  It  is,  of  course, 
by  the  interplay  of  coalitlms  and  possible  coalitions,  by  threats  to  fora 
coalitions  if  certain  agreeaents  as  to  payaents  are  not  accepted,  that 
the  final  payaent  X  must  be  determined.  The  aia  of  the  theory  is  to  deteralne 
this  outooae  by  foraallslng  what  the  threats  aust  be,  and  it  is  clear  that 
if  for  soae  S,  a(S)  is  auch  larger  than  ^^(S)  there  will  be  strong  forces 
for  the  coalition  S  to  fora  and  to  deaand  a  new  outoonte,  say  X*  such  that 
P^^(S)  is  close  to  a(S)o  Thus,  the  equilibriua  problea  of  gaas  theory 
Involves  finding  a  pr<^bility  measure  P^  vdilch  in  soae  sense  approzlaates 

the  noraallzed  super<^ddltive  measure  a.  The  heart  of  the  problem  is 
determining  a  suitable  definition  of  "in  some  sense  approximates";  the 
several  attempts  to  do  so  are  discussed  in  sections  IIIo5  and  III .6. 
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4.4  A  fiSlIBlft 

Before  turning  to  the  theories  theaselves,  «e  should  In  felmsss 
point  out  thst  the  slnpllfleatlon  In  passing  froia  the  normal  form  of  a 
game  to  the  characteristic  functlcn  form  is  not  without  difficulties.  It 
would  Indeed  be  surprising  If  we  were  able  to  make  such  a  radical  slaQ>llflca- 
tlon  of  the  theory  of  all  n-person  games  without  overlooking  some  of  the 
differences  among  them.  The  example  discussed  in  section  II.  ,  which  is 
due  to  lieKinsey  p.  351^  >  sufficient  to  show  that  this  Is  the  ease, 

even  for  the  2-per8on  games.  It  will  be  reoallsd  that  In  this  game  the 
player  1  has  only  one  strategy  and  player  2  has  two,  the  payoff  matrix  being 

){  (0,-1000)  (10,0)  U  . 

There  is  no  need  to  repeat  here  HcXinsey’s  interpretation  nor  our  discussion 
of  It,  except  to  remark  that  In  general  one  must  consider  the  normal  form 
of  this  game  to  bo  asymetrlcal  In  the  two  players.  The  characteristic 
function  of  the  game  is 

v(|)  =  0,  v({lj)  =  v(£2})=  0,  t((1,2])  =10. 

khlle  In  general  the  normal  form  Is  asymmetrical,  the  characteristic  function 
Is  always  perfectly  symmetrical,  reflecting  no  difference  between  the  two 
players. 

Nonetheless,  the  characteristic  function  does  express  some  of 
the  aspects  of  a  gaoe,  and  the  example  certainly  does  not  Invalidate  our 
earlier  oooment  on  the  representation  of  coalition  strength  by  character¬ 
istic  functions  Independent  of  the  extensive  or  normal  form  of  game  theory. 
Following  a  summary  we  shall  turn  to  examining  the  resulting  features  of  the 
theory. 
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4.5  Smmcr 

The  aaln  preoccupation  of  this  aectlon  was  to  reduce  the  general 
normllaed  gaae  to  a  more  tractable  mathematical  fora,  the  fora  on  which 
aoat  of  n-person  gaae  theory  ie  boilt*  It  was  observed  that  if  coalitlona 
of  players  are  allowed,  than  the  worst  thing  that  can  happen  to  a  coalition 
S  Is  for  the  coallticsi  '-S  to  fora  and  for  the  game  to  be  played  between  the 
two  "players"  S  and  -S*  Oslng  the  wlnlaax  theorem  of  2-perBan  theory,  a 
real  nuiaber  t(S)  was  associated  with  each  coalition  S  which  describes  the 
conservative  expected  payment  to  the  coalition.  It  can  be  shown  that  the 
function  V,  idiloh  Is  known  as  the  g^irw«-^"rlstlc  of  a  game, 

satisfies 

1.  v(«^)  t=  0, 

snd  11.  If  R  and  S  are  disjoint  subsets  of 

v(rUs)  ^  v(R)  v(S). 

Farther,  It  can  be  shown  that  any  real-valued  set  function  satisfying  1 
and  11  Is  the  characteristic  function  of  some  game,  so  one  oannot  In  general 
derive  any  further  Independent  properties  of  characteristic  functions.  The 
theory  of  n-person  games  Is  to  be  based  on  such  functions. 

Any  game  with  a  characteristic  function  satisfying 

Is  called  trunmenttal  and  It  was  argued  that  Its  coalition  theory  Is  trivial} 
any  other  game  Is  called  essential » 

Two  characteristic  function  v  and  v*  (over  the  same  set  of  n 
players)  are  called  S-eoul valent  If  there  exists  a  positive  constant  c 
and  constants  a^  such  that 


( 

v(S)  =:  ot'(S)  4-  ^  'a^  « 

1€S 

It  vaa  arsoed  that  aaoh  gaawa  are  subject  to  the  sane  strategle  considera¬ 
tions  since  e  represents  only  a  change  of  scale  and  the  paTsents  a^^  are 
Independent  of  the  outcone  of  the  gaae.  It  was  observed  that  S-equl valence 
Is  technically  an  equivalence  relation  and  so  It  dlvldee  the  set  of  all 
characteristic  functions  Into  non-overlapping  subsets  called  equivalence 
classes.  Any  two  functions  In  the  same  equivalence  class  are  S-equlvalent, 
so  the  characteristic  functions  of  any  one  class  are  all  subject  to  the 
same  strategio  considerations  and  It  is  therefore  sufficient  to  develop 
any  theory  in  terns  of  one  exaaqple  for  each  class.  Two  possible  and  closely 
related  choices  ware  given  both  of  which  have  the  property  that  part  of  the 
characteristic  function  Is  constrained  to  be  the  sane  In  each  equivalence 
class.  The  first,  called  the  reduced  form.  Is  the  unique  cbaracteristio 

function  In  each  class  for  which 

▼({!})  =•  -1,  l€In,  and  v(I^)  =:  0. 

The  second,  called  the  reduced  form,  is  the  unique  characteristic  function 
in  each  equivalence  class  such  that 

vC(i})  =  0,  161^,  and  v(I„)  =  1. 

The  characteristic  function  Can  be  thou^t  to  represent  the  threat 
power  of  the  various  coalitions  and  it  is  hoped  that  fron  this  It  will  be 
possible  to  deteradne  what  happens  In  the  game.  Obe  of  these  events  Is  that 
each  of  the  players  will  ultimately  receive  a  certain  payment,  which  consists 
not  only  of  his  payoff  as  prescribed  by  the  payoff  function  of  the  game, 
but  irtilch  must  also  take  Into  account  any  side  payments  he  receives  or  pays 
out  In  order  to  preserve  a  certain  advantageous  coalition  arrangement.  This 


( 
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•oggevtod  that  the  final  paTsent  to  each  player  ooold  be  represented  bgr  a 
single  rnsaber  and  it  eas  argued  that  such  n-txiples  ehould  satlefy 

i.  ^  ▼(£0)  for  *11 

and  11. 

i€In 

Such  n-ti^les  are  called  jmn^i»j».lons.  In  the  0,1  reduced  form  of  the  gaae 
an  iaputatlcn  Is  slsQily  a  probability  distribution  orer  the  set  of  players. 

The  general  problem  of  n-perscn  gaae  theory  eas  then  stated!  to 
find  those  is^xitatlons  and  those  arrangements  of  the  players  Into  coalitions 
ehleh  are  In  seise  sense  ooaq;>atible  with  the  given  characteristic  function  of 
the  gaaa.  The  reader  was  warned  that  in  the  attenpt  to  aake  aore  preelse 
what  we  shall  mean  Vy  "in  aoae  sense  oos^jatlble*  (a  concept  not  prescirlbed 
hy  the  formallsa  of  the  game)  n-person  gaae  theory  is  given  an  ^  hoc 
flavor  to  idiieh  some  authors  object. 


5.  Solutions 


5.1  sn  PmiMTg^-Bpcgsnrtgffi  RgtlatiVtm 

In  the  published  literature  of  n-person  gaass  one  definition, 
based  on  characteristic  functions  and  ljq>tttatlons,  has  received  aost  atten¬ 
tion!  definition.  Introduced  at  length  by  von  Neumann  and  Uorgenstem 

(^iX  was  offered  as  the  "solution"  to  the  n-person  gaae  -  Indeed,  It  was 
given  the  naae  "solution*.  Following  their  exposition,  we  aay  first  suggest 
the  idea  by  an  axaaQ>le.  It  Is  not  difficult  to  see  that  the  -1,0  reduced 
fom  of  a  constant-aua  3-person  game  Is  unique,  and  that  It  is 
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ZI1>^ 

▼({!})=  -1,  t({1,J})  =  1,  ▼({1^,3))  =  0. 

Suppose,  tor  the  wo— nt,  that  the  coalition  {1,2}  for— j  aeoordlng  to  the 
characteristic  function  it  — y  coeoand  a  paywent  !•  Since  both  1  artrt  2 
have  sy— ertric  roles  In  the  sense  that  If  we  were  to  change  their  labeling 
so  that  1  were  2  and  2  were  1  the  characteristic  function  would  be  unchanged. 
It  Is  not  unreasonable  to  suppose  that  they  would  divide  1  equally,  sort  player 
3  would  be  forced  to  accept  -1.  But  arguing  by  sy—etry  again,  there  Is  no 
reason  to  single  out  the  coalition  {l*2}  as  superior  to  {l«3}  or  to  {2,3}  , 
and  so  aiqr  of  the  three  laputatlona 

se—  r— sonable  outco— 8«  Vo  call  this  set  of  Isqmtatlons  F,  Suppose  we 
consider  any  other  Imputation  }|  Xj^,X2,~x^'-a^  H  ,  not  one  of  tbs  above  three, 
then  at  1— at  two  of  the  entries  are  less  than  otherwise  the  sum  of  the 
payments  Is  not  seroo  Thus,  the  imputation  in  the  set  of  3  having  payments 
of  i  ter  those  two  players  Is  superior  for  both  of  those  players,  and  since 
they  are  in  a  coalition  of  two,  they  may  force  the  better  arrangemento 
Equally  Important,  no  Isgiutatlon  of  the  set  F  dominates  either  of  the  other 
lm>utatlons  in  F  In  that  fashion.  Thus,  the  set  F  of  three  Imputations 
plays  a  very  special  stable  role  in  the  set  of  all  Imputations  for  the  ga— • 
The  question  arlms  sdiether  the  notion  can  be  generalised. 

Von  Neumann  and  Uorgenstem  proposed  the  following  definitions. 

Let  a  game  be  givoi  by  its  characteristic  function  v.  An  isqmtatlon  T  Is 
said  to  with  respect  to  a  coalition  T  another  imputation  X  if 

is  T  is  a  non-empty  set  of  players, 

llo  v(T)  ^  , 

i6T  i 
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ii»  ^  tor  mvorj  ICT. 

T  is  called  an  effeotlre  ast  for  this  doolnatlon.  This  la  exactly  the 
condition  met  above  In  the  domination  of,  eay, 

by  if  we  take  T  =:  {l,3). 

If  there  is  aoae  coalition  T  such  that  T  dominates  X  with  respect 
to  T,  then  «e  can  alaqily  say  that  T  X.  It  turns  out  that  exa^les 

oan  be  given  to  show  that  each  of  the  following  eases  can  arise  t 

!•  T  doodnates  X,  but  X  does  not  dominate  T, 
llo  Both  I  doodnates  X  and  X  dominates  T, 

111.  Neither  T  dominates  X  nor  X  dominates  Y. 

Nov,  a  solution  to  a  gaaw  Is  any  set  A  of  ixymtatlons  suoh  that 

1.  for  any  two  Imputations  X  and  T  in  A  neither  X  dominates  T 
nor  X  dominates  X, 

11.  and  for  any  imputation  Z  not  in  A  there  Is  at  least  one  iiqnita— 
tlon  X  In  A  which  dominates  Z. 

It  should  be  pointed  out  immediately  that  the  definition  of  solu¬ 
tion  in  no  may  precludes  the  existence  of  imputations  not  in  A  sdiioh  dominate 
one,  or  indeed  all,  of  the  msnhers  of  A.  This  possibility  is  implicit  in 
statement  11  following  the  definition  of  domination^  We  shall  return  to  tills 
point,  which  la  not  without  complications. 

As  ml^t  be  ejqiected,  the  set  F  of  imputations  in  the  3-per8on 
sero-sua  game  is  a  solution. 

We  mentioned  earlier  that  our  theory  should  be  invariant  under 
S-equivalenee,  that  is,  that  two  S-equl valent  gaiaee  should  lead  to  the 
itMmm  results.  This  has  been  shown  [l3«  2l3  to  be  the  case  for  the  domina- 
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tloa  ooooapts,  and  so  for  aolotlona*  Th«  BOoh  aor*  mbtla  eocxTBTMy  that 
If  tao  gaaaa  hava  Imnxtatlon  apaoaa  altieh  ara  lacaorphio  nodar  donrlnatioo 
than  tba  gmmam  ara  S-aqolaalaot,  haa  raoaotly  bam  sboan  bj-  ’leSlnsajr  ^14^ 
to  hold  for  aero-soi  gaaas. 

5.2  ssmt  RtmarlfB  Mbaak  iba. 

Bafora  dlaonsalng  tha  aatheaatloal  raanlta  idileh  haya  bam 

obtainad  -  and  aom  abloh  haaa  oot  -  eartaln  qnaatlma  about  the  Intnltlaa 

adaquaoy  of  the  deflnltloo  of  a  aolvtlon  anst  be  conaldarad.  Tha  notion 

of  "doalnanea  vlth  raapaot  to  a  eoalitlon  T”  la  I'aally  the  eon^mctlm  of 

ti*o  notlonat  "X  la  'better'  than  X  with  raepaet  to  T"  la  tha  ■eenlnc  of 

condition  lilt  >  3c^a  i€X}  and  "T  la  'faaalblo'  wiiih  reepaot  to  T” 

la  tha  Meaning  of  condition  lit  ▼(T)  ^  ^  •  Of  these  two,  there 

i€.T 

naeaa  little  raaaon  to  <i;Daatlon  tha  flrat  under  snjr  condition,  ahlla  the 

latter  la  tqien  to  question.  It  can  be  argued  that  if  the  theory  me  desire 

la  noraatlTs,  thm  the  coalition  T  con  noTer  enfarca  more  than  ▼(?}  since 

rational  players  uUl  certainly  fom  the  coalition  ~T,  and  so  no  Imputation 

X  with  ▼(?)  ^  y.  Is  feasible.  If,  howarer,  one  la  concerned  with  a 

1€T 

desorlptlTo  theory  of  gaaas,  then  It  la  not  olaor  'Uiat  the  feasibility 
condition  la  appropriate,  for  If  the  players  not  in  T  do  not  fora  a  alnglo 
eoalitlon,  thm  the  raenhers  of  T  may  be  able  to  get  aore  than  ▼(?)•  Just 
how  nneh  aore  they  can  gat  la  not  easy  to  say.  In  fact,  saying  It  would 
oaount  to  developing  a  descriptive  gaae  theory.  It  appears  that  this  point 
precludes  our  interpreting  the  solution  concept  as  a  descriptive  theory, 
for  certainly  not  all  economic.  Military,  and  social  conflict-of-interest 
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sltuationa  radoee  to  th«  opposltloD  of  two  coalltiotia. 

A  elon  oonllarT'  of  the  last  reMark,  and  vo  ballavs  an  Important 
woaknoas  of  the  solution  concept,  la  that  It  la  coneerned  onljr  with  laynita- 
tlons  and  does  not  give  any  Information  about  the  coalition  atruoture  of  the 
gaee  when  It  la  In  the  equlUbrlnm  state.  Again,  whether  this  la  rMlly  a 
suitable  objectlra  when  a  nozmstlwe  theory  la  desired  la  not  certain,  but 
It  la  a  walld  orltldaa  of  aolutlons  aa  a  descrlptlwe  theory  alnee  the 
ooalltlaa  atroctun  la  probably  the  most  eaally  obeerved  fact  In  any  real 
situation,  certainly  one  mare  eaally  (A>aerwed  than  the  Imputations. 

these  remarks  stirongly  suggest  that  there  is  little  hope  that 
the  solution  notion  can  be  used  In  other  than  a  noxmatlTs  way,  and  this  will 
be  conflmsd  when  we  examine  the  resulting  theory.  Ersn  were  we  to  try  to 
use  the  theory  as  a  deacriptlva  one,  it  la  not  at  all  clear  what  we  should 
say  the  theory  asserts  to  happen.  UcKinaey  renarka,  "Althou^  a  large  part 
of  won  Neumann  and  rtergenstem's  book  (rou^ily  400  out  of  600  pagea)  la 
devoted  to  games  with  more  than  two  players,  mathematicians  generally  seem 
to  have  been  dissatisfied  with  the  theory  there  developed."  ^13»  P*  303*3 
It  is  not  clear  whether  he  intended  this  to  apply  equally  to  the  charaotetw 
Istlc  fuz»tion  development  and  to  the  definition  of  a  solution,  or  only  to 
the  latter.  Certainly,  there  has  been  warm  admiration  for  the  ingenuity 
of  the  solution  idea,  and  It  has  received  considerable  study  -  to  idiieh 
we  now  turn, 

5.3  Sam.  fli  iSa. 

The  first  mtln  point  we  should  make  is  that  a  solution  does  not 


CMMarallx  ooadst  of  a  single  ii^ntatlan,  but  rather  of  aereral.  This  le 
obrlona  In  the  azaaple  of  the  3->persoa  gSM,  and  Indeed,  It  oan  be  ahoen 
that  axtj  gam  haring  a  solution  consisting  of  but  one  Inputatlon  is  ines¬ 
sential.  In  addition  to  solutions  haring  a  finite  nunber  of  Imputations, 
such  as  the  three  in  F,  eone  solutions  consist  of  an  Infinity  -  and  not 
neoessarlly  a  countable  Infinity  -  of  Imputations.  Ife  shall  give  an 
exaa^le  of  this  In  a  noaent. 

Second,  aside  from  the  ■altlplloiby  of  l^ntations  in  a  solution, 
there  are  in  sons  games  more  than  one  solution.  That  this  la  a  possibility 
mas  suggested  by  our  earlier  connent  that  there  say  be  ljq>utations  not  In 
a  solution  idiioh  doalnate  Is^jutatlons  of  that  solution.  As  an  example  of 
the  noD-tnlqueneas  of  solutions,  in  the  sero-sua  ^-person  gaae  om^  set  of 
ii^iatatlons 

II 

ahere  o  is  fixed  but  snoh  that  -I  c  ^  i  and  Z2  =i  --c,  is  a  soln- 

tlon.  Equally  sell,  the  tso  sets  of  imputations  obtained  hy  aorlng  o  to 
player  1  and  to  pliyer  2  are  solutions.  We  Aall  denote  these  solutions 
F^(o},  i  =  l,2,3o  Since  for  each  possible  fixed  o  in  the  half-open  inter- 
val  (^l,i)  there  are  solutions,  se  have  a  continuum  of  solutions,  each 
of  which  contains  a  continuum  of  laputations.  Indeed,  erery  possible 
imputation  for  the  oonstant-sum  3-per8on  gam  is  included  in  at  least  one 
solution )  "Therefore  in  the  case  of  the  essential  three-person  gam  we 
bare  an  enbarraaslng  ziohness  of  solutions."  £l3,  p.  339^ 

This  abundance  is  not  restricted  to  the  3-per8on  gam. 

The  question  must  immediately  be  raised  as  to  how  these  solutions 
are  to  be  interpreted.  Von  Neumann  azxl  Uorgenstem  dirlda  the  discussion 
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Into  tuo  porta.  First,  thtj  say  that  oT  tha  aararal  aolutiona,  the  one  ahleh 
la  acoapted  depends  on  "standards  of  b^iarlor"  shioh  are  moral  or  conTentloaal 
roles  iiQwssd  hy  society.  Thus  ,  they  say,  if  society  accepts  dlscriainatlon, 
one  may  find  a  solution  of  the  type  F^(c)  where  the  position  of  e  in  the 
range  —1  to  ^  la  determined  by  the  degree  of  discrimination  tolerated  by  the 
society.  Asavoaing  c  fixed,  there  is  a  question  how  the  other  two  players  will 
divide  -c,  and  this  they  say  is  a  problem  in  bargaining  which  depends  an  the 
relative  bargaining  abilities  of  the  two  players.  They  do  not  say  how  it  will 
be  decided  which  player  will  be  discriminated  against,  or  in  the  case  of  the 
non*Kllsorlalnatory  solution  F,  which  imputation  will  axi.se.  Apparently  this 
is  a  chance  matter  depending  on  idilch  coalition  was  first  formed,  or  again, 
it  nay  depend  on  the  relative  bargaining  abilities  of  the  three  players.  It 
is  such  discussion  which  gives  this  theory  the  hoo  character  mentioned 
earlier  (111.1). 

They  argue  at  some  length  that  solutions  are  "stable".  They 
point  out  that  while  an  lactation  not  in  a  solution  may  donlr)ate  one  in  a 
solutl<»,  and  although  it  is  "lO'eferable  to  an  effective  set  of  players, 

^it3  will  fall  to  attract  then,  because  it  is  'unsound'"  ^21,  p.  2653<>  And 
"the  attitude  of  the  players  must  be  imagined  like  this:  If  the  solution 
£A3.a.  is  'accepted  by  the  players  l,...,n,  then  it  smst  iiqxress  upon  their 
minds  the  idea  that  only  the  imputations...  Qin  aQ  uro  'sound*  ways  of  dis¬ 
tribution."  £21,  p.  2653  And  "The  above  considerations  sake  it  even  more 
clear  that  only  J  in  its  entirety  is  a  solution  and  possesses  any  kind  of 
stability  -  but  none  of  its  elements  individually.  The  circular  character 
0.0  makes  it  plausible  also  that  several  solutions  Ca3  may  exist  for  the 


UBS  guMa  laSay  mtspbI  stsbls  stsudsTiis  of  bshsTlor  may  exist  for  the 
seas  feotual  sltiietlan.  Each  of  these  would,  of  course,  be  stable  and  eon- 
sisteot  in  itself,  but  in  oonfUet  with  all  others •*  C^l,  Pa  266^ 

The  full  flavor  of  their  arguaent  is  hard  to  recapture,  and  it 
oan  only  be  recoomended  that  the  reader  turn  to  the  discussions  of  solutions 
in  the  booka  That  some  ruders  have  not  been  oogq>letely  persiiaded  their 
argumnts  is  indluted  ^  the  eomaent  of  McKinsey  that  "Seas  people  have 
felt  dlsutlafied  with  the  Intuitive  basis  of  this  notion,  however)  and  the 
question  has  been  raised  am  to  whether  knowing  a  solution  of  a  given  or-person 
gaas  would  enable  a  persaa  to  play  it  with  gruter  expectation  of  profit 
than  if  he  were  quite  Ignorant  of  this  theozya”  |[l3,  Pa  332^ 

5.4  iBPllwUftni  SC 

Ve  have  already  given  solutions  to  the  3~per8on  constant-sun  gane, 
and  it  is  known  that  these  are  all  of  the  solutions  to  that  gansai 

It  is  also  known  that  every  4-per8on  oonstant-sum  gaas  has  at  lust 
one  solution,  and  of  the  triple  infinity  of  4-person  gaaes  a  few  have  been 
studied  in  detail.  The  reader  is  referred  to  von  Neumann  and  Uorgenstem  Qzil 
for  the  full  discussion  of  these  uses. 

It  is  not  known  idiether  every  game  possesses  a  solution;  for  ezaaple, 
it  is  not  known  if  every  5-person  gaae  has  a  solution.  From  the  first  systeu- 
tic  pi*e8entation  of  n-person  game  theory  to  the  present,  this  has  been  consider¬ 
ed  the  aost  iaqportant  unresolved  problem. 

A  gaae  in  0,1  reduced  fora  is  called  simple  if  n(T)  ~  1  or  0 
for  every  coalition  T.  Von  Neumann  and  Uorgenstem  studied  solutions  in 
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•OM  slapl*  g»mmm0  partlonlarly  tar  n  =:  4«5»6,7»  tat  also  In  o«rtain  nor* 
ganaral  oa«e**  In  addltloo,  Bott  £2^  introdnead  th«  notion  of  an  (n^k),  or 
■ajorltf*  daflnad  bjr 

0  if  ls|  $  k 

■(S)  = 

I  If  |sl  >  k 

taleh  la  sl^>la,  and  ha  atudiad  the  ay —a trie  aolutlons  of  suoh  ganas. 

Qilllaa  Cs]  exanined  noo-ayatrlo  or  dlsczdjainatory  aolutiona  to  eoeh  ganaso 
In  tha  mrda  of  Cohn  and  Tuokar,  "Qropplnc  mymmatrj,  D.B.  QUllas'exhlbita 
a  aurprlalng  aarlatx  of  other  aolutiona  of  (n^k)-gaa»a,  all  derived  froa 
Bott *8  ajTMiatrlc  aolutiona*  (UUiaa*  aolutiona  are  obtained  bj  aeveral 
■atlioda  ahioh  angr  oarry  over  to  a  warm  general  contextt  (1)  bgr  the  addition 
of  'bargaining  ourvea*  (Theory  of  Oaaea  and  Eoononio  B^iavioT;*  p*  501)« 

(2)  by  inflation  to  larger  ganea  (ibid*,  p.  398),  (3)  by  'dlaorlalnation' 
(ibid*,  pp.  288-289}  in  ahloh  the  non-diaorlainated  playera  divide  their 
take  according  to  any  aolutlon  to  a  aealler  game,  or  (4)  by  partitioning 
the  playera  into  flxad  aubaeta,  aaaignlng  the  apoila  arbitrarily  (l.e* 
in  aT»  edalcaible  eaya  in  one  aolution)  aaa>ng  tbeae  aubaeta,  and  then  dividing 
tha  apoila  in  any  one  subaet  according  to  the  ayBoetrlo  aolutlon  to  a  aealler 
gaee  the  playera  think  they  are  playing."  [lO,  p.  3041 

Another  olaaa  of  gauaaa  taieh  haa  been  atudled  la  the  quota  gaawa. 
Shapley  [23]  calla  a  gaea  a  quota  g||t.  if  it  la  poaalble  to  divide  ▼(I^) 
aaong  the  n  playera,  l.e*,  to  find  with 

^2  t  ...  +  6d  , 


in  aueh  a  eay  that 
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▼<Cl*Jj)  =  **■  *11  i  •«*  J,  i  J. 

*  J 

"Sbaplay  obtains  raallloa  of  aolutiana  for  the  entire  class  of  quota  gansSf 
a  class  that  contains  sons  three-person  games,  all  constant-sum  four-person 
gaMs,  and  a  sizeable  swath  of  all  games  with  more  than  four  plmjmn.  In  a 
typical  imputation  in  one  of  these  solutions,  an  but  two  or  three  of  the 
players  receive  their  'quotas*  £l0,  p.  304-305^ 

In  still  another  paper,  Shapley  C253  bas  presented  a  class  of  solu¬ 
tions  to  a  oertain  sl^le  game,  idiioh,  as  he  says,  " •  >  .proTldes  at  one  stroke 
a  large  fund  of  'pathological*  examples  against  which  conjectures  on  the 
b^iavior  of  .oo  solutions  can  be  tested."  £25,  p.  1^  The  solution  is  based, 
in  part,  on  an  arbltraxy  closed  set  C  of  an  (n-3)-dlmenslonal  subset  of  the 
space  of  ioputations.  "The  arbitrariness  in  the  choice  of  C  (for  example, 

C  may  be  a  Cantoz^-type  discontinuum)  makes  it  easy  to  dispose  of  many  con- 
Jeottires  cooceming  the  regular  behavior  of  ...  £solutions3  ”  P*  ^3 

There  is  little  reason  to  present  these  results  in  detail  here, 
for  they  would  require  considerable  space  and  not  a  little  notational  appara^ 
tusj  the  Interested  reader  can  refer  to  the  original  publications.  However, 
oertain  sumnaxy  observations  are  in  order.  The  variety  and  ooii9>lexity  of 
solutions  in  the  games  so  far  studied  are  overwhelmlngj  their  characterisa¬ 
tion  and  the  corresponding  proofs  are  Involved  and  often  subtle.  It  is 
doubtful  that  a  isathematlcian  could  be  found  today  holding  any  hope  for 
ooiqpletely  general  charaoterization  of  solutions;  the  most  optlisistle  hope 
is  that  it  will  be  possible  to  divide  the  class  of  all  games  into  a  nusber 
of  subclasses  such  that  soliztlons  in  each  can  be  characterized  ooiig>letelyo 

Vs  may  fairly  conclude  ttiat  in  addltlm  to  the  conceptual  dlfficizl^ 


ties  aentloned  In  III. 5*2,  th«r«  are  also  natheoatlcal  dlfflenltiss,  or,  at 
least,  the  natheeatloal  problem  is  difficult.  This  Is  going  to  prose  either 
so  stimulating  that  It  will  lead  to  deep  Insights  or  so  discouraging  that 
little  more  will  be  dlscosered  about  solutions.  At  this  stage  It  Is  not 
clear  which  will  occur. 

Assuming  that  at  least  some  people  will  be  discouraged,  there 
appear  to  be  two  possibilities  t  (1)  affoirts  will  be  siade  to  single  out  sods 
of  the  solutions  as  more  li^portant  than  others  and  these  will  be  studied, 
and  (2)  efforts  will  be  made  to  introduce  new  concepts  more  or  less  in  coicpetl— 
tlon  with  that  of  a  solution.  In  the  next  section  we  deal  with  an  axamplm  of 
the  first  approach,  in  section  III .6  with  three  examples  of  the  second.  Of 
these  four,  two  (III. 5.5  and  111.6.1)  had  not  jret  been  published  at  the 
time  of  vrrlting,  so  it  Is  not  possible  to  give  them  a  critical  analysis 
resting  on  the  observations  and  work  of  a  number  of  people;  therefore,  both 
must  be  treated  as  somewhat  tentatife  approaches  to  the  problem. 

5.5  Strong  Solutions* 

The  principal  question  to  be  discussed  In  this  section  is  idiether, 
aside  from  "standards  of  behavior"  there  are  game  theoretical  requirements 
which  impose  a  greater  stability  on  one  solution  than  on  another.  This  prrib- 
lem  and  the  ideas  here  discussed  were  raised  by  Vickrey  [30]].  mth  respect 
to  a  specific  solution  A  he  calls  an  isqputatlon  of  A  a  conform'Inf  iiq)utatlon,  - 
<»e  not  in  A*  non-conf onalng .  Among  the  non-conforming  imputations  some 
dominate  one  or  more  conforming  iiqputations;  these  he  calls  iBBSl&lr 

tlone.  and  an  effective  set  for  such  a  domination  is  called  a  herwMoal  set. 

Throughout  this  subsection,  vdienever  we  quote  Vickrey,  we  shall  replace  his 
symbols  for  imputations,  coalitions,  and  solutions  so  that  the  notation  is  in 
conformity  with  the  rest  of  this  report. 


Th«  shift  from  s  eonfoxslng  ispotatlon  to  a  herstleal  on#  la  teraed  a  UfXStX* 
Ha  roaarks,  "...thors  la  nothing  In  tha  daflnltlon  of  a  solution  as  it  stands 
that  aakos  It  dangerous  for  players  to  participate  in  a  heretical  nova.  Ife 
can,  howerer,  observe  solutions  in  efalch  heresies  tend  to  be  dangerous  to 
one  or  laore  of  the  asabers  of  the  heretic  set,  as  well  as  solutions  In  ehlch 
heresies  aey  be  quite  profitable.”  £30,  p.  7j  As  an  exaaple,  consider  the 
laputatlon  of  the  solution  F  of  the  3-person  gaae.  Any 

non-conforalng  laputatlon  X  which  Is  to  dominate  F^  with  the  heretical  sat 
{2,3)  Boat  clearly  satisfy 

*1  <  i.  it*  *3  >  -1*  *2  +  *3  ^ 

Zt  la  not  hard  to  show  that  such  an  laputatlon  la  dcninated  by  one  end  only 
one  aaaber  of  F,  naaely  F2  s:  (|'|,-1,^  ||  with  the  effsotlve  sot  {l«3}  • 
Vlolcroy  writes,  ”...in  this  oase  the  aoveaent  to  a  non-conforalng  laputatlon 
X  requires  the  cooperation  of  a  player  2,  who  though  he  aay  gain  imaedl- 
ately,  finds  that  although  It  nay  have  been  difficult  to  aove  froa  F3  to  X 
It  Is  now  ouch  easier  for  the  couple  {l»3}  to  arganiae  a  aovement  to  the 
eonfosslng  l^mtatlon  F2  to  the  great  dlscoafiture  of  2...  If  2,  finding 
hlaself  now  In  the  excluded  position,  attempts  to  negotiate  with  either  1 
or  3  to  aove  away  froa  F^,  not  only  will  2  have  to  propose  a  heresy  in  which 
he  gets  less  than  the  i  that  he  started  with  in  F^,  but  he  will  find  that  1 
^and  3,  having  observed  what  happened  to  2,  will  be  very  reluctant  to  Join 
any  such  heretical  coalition,  and  in  fact  may  refuse  to  do  so  altogether. 
Either  because  the  players  foresee  all  this,  or  because  after  a  short  time 
they  ecae  to  the  conclusion  as  a  result  of  experience  that  here«y  is  In  the 
long  run  likely  to  lead  to  disaster  for  at  least  one  of  the  heretics,  thuy 
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•mtoalljr  will  COM  to  •tlok  to  tho  pollojr  of  ataTlng  at  cn«  of  tho  approrad 
l^potatloos...”  ^30,  p.  83 

Of  cooraa,  this  obsaration  woold  ba  Idla  if  all  solutions  had  that 
propmrtjt  Consldar  tha  solution  of  tha  3-p9rson  gaas  of  the  form 
(|x,-ac-c,o{|  ,  ahcsre  -1  ^  c  ^  ^  and  -1  ^  z  ^  1^ 
tha  sat  we  hsTS  eallad  F^(o).  Let  us  suppose  the  players  are  at  one  of 
these  iagputatioos,  say 


I  =  U  . 

If  we  azoluda  X  us  ||  ^,^,-1  ||  ,  we  may  assiuss  without  lose  of  generality 
that  X2  ^  3C^«  Observe  that  with  respect  to  P^(e),  the  isqpntation 

^1  =  11  -i*i»iJl 

is  herotioal  ainoa  it  daminatas  the  effective  sat  being  {2»3}  «  In  turn, 
it  oan  be  ahown  that  any  iaputation  X  of  F^(e}  which  dooinatas  F^  most  satis¬ 
fy 


y^  >  and  y^  s  o. 

Thus  "•••aven  if  there  was  a  return  to  a  conforming  isputation  after  a  ralar* 
tively  brief  period  of  heresy  at  F^,,  the  players  2  and  3  responsible  for  the 
heresy  would  gain  from  the  excursion,  3  temporarily  and  2  wore  permanently." 


Ipo,  p.  9] 


Vickrey  adds  the  following  paragraph.  "Even  if  a  return  from  F^ 
to  a  conforming  iig>utatioo  T  is  amde  indirectly...  so  that  it  is  possible 
for  player  2  to  be  worse  off  in  T  than  in  F^,  it  is  by  no  means  certain  from 
the  (diaracteristics  of  the  game  that  player  2  will  not  be  able  to  avoid  such 
an  eventual  worsening  of  his  position.  And  even  if  after  one  particular  he¬ 
retical  excursion  player  2  finds  his  posit  ion...  worse...,  there  is  now  nothing 
to  prevent  him  free  trying  another  heretical  excursion,  since  player  3  idiose 
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ooop«mtlogB  h«  nmmim  haa  nothlag  to  loM  bgr  It  In  anjr  rmxt  and  atands  to 
gain  at  loaat  taiqpocraxlljr.  In  affoot  axgr  plasrwr  aho  la  wining  to  angaga 
in  haratieal  axour8j.<xia  la  at  an  advantago  In  bargaining  for  poaltlon  Mong 
the  appororad  iagmtatlona,  over  a  planar  aho  ea^awa  an^  taetiea.  It  thna 
appaara  that  in  thia  eaaa  it  will  taka  a  waoh  atrongar  aoolal  aanetlon  to 
ooi^pal  adharanea  to  the  approved  atanlard  of  brtiavlor  than  ahara  the  atandard 
of  behavior  oooforaa  to  the  ayaaatrioal  aolntioa..."  ^30,  p*  9^ 

m-okragr  prppoaaa  the  following  tao  daflnitlonae  Let  A  be  a  aol»- 
tion,  X  an  lagnitatlon  of  A,  T  a  haratieal  Inpotation  doodnatlng  X  with  the 
affaetlva  aat  T,  and  U  the  aat  of  elenanta  of  A  idiieh  doolnata  T»  A  ia  aald 
to  ba  a  atrong  aolntioa  if  for  ovary  aooh  X,  1,  and  T  there  ia  at  laaat  one 
alaawnt  1  of  T  aooh  that  for  avory  Z  in  Sj^  <  z^.  On  the  other  hand,  A 
la  aald  to  ba  weak  if  for  ovary  X  of  A  thoro  aziata  at  laaat  one  harotloal  T 
with  affootlva  aat  T  such  that  for  all  Z  of  A  idileh  doadnata  X,  and  all  1 
in  T,  ^  z^. 

For  the  oooatant-aoa  3-paraoa  gaaa  wo  have  seen  that  the  aysBotrlo 
aolntioa  F  la  atroog,  and  that  all  diacrlalnatory  aolntlona  Fj^(e},  1  s  1»2,3, 
ora  wa^. 

For  ganaa  with  aora  than  3  playora  there  aro  aolntlona  which  ara 
nalthor  atroi«  nor  weak,  but  rathor  there  aro  Intenaadiata  notiona  of  atrangth. 
Frlnarlly,  however,  one  la  interoatad  In  tha  atroog  aolntlona,  for  vhloh  all 
horoaioa  aro  dangorooa  to  aoaa  naaribar  of  ita  offaotivw  aat* 

To  apaolflo  oaaoa  one  t.aat,  of  eonraa,  know  tha  aolntlona, 

ao  Vlokr^  haa  bean  raatrlotad  to  a  tndylng  aneh  oaaaa  aa  aoaw  4-poraon  ganaa 
and  aoaw  aiig>la  ganaa,  and,  in  aanaary,  ho  finda  that  "For  oonatant-aun  ganaa. 


th«  ocoe^/t  of  ttm  strone  solutloD  hM  thus  far  appaarad  to  ba  falrljr  effaet- 
In  narronlnc  doan  tha  maitoar  of  aolntlons  that  bars  to  be  aeoaptad. 
laMD  It  OOM8  to  tha  aarlabla-aoi  ganas,  vanfcartxaiotolj,  it  i4>paars  that  aach 
of  the  aalaotlfltx  of  Inaiataooe  on  atrong  solutions  disappears.  For  one  and 
two  parson  gansa^  all  aolutlona  are  alreadj  strong,  shila  for  three  person 
gaass.  It  appears  that  Inslstanoe  that  ...  solutions  be  strong  offers  oul^ 
a  relatlealor  antU  radootlon  In  tha  range  of  possible  isputatlons.**  ^30, 

P.  32I 

"No  attflsqpt  has  as  jwt  been  aade  to  try  out  the  effaet  of  Insisting 
on  strong  solutions  for  earlabla-sun  gaass  of  nora  than  three  persons,  so 
there  Is  no  nay  of  taUing  ehether  tha  ooneapt  isoold  prore  nora  rastrletlea 
In  snob  eases  or  not.  The  coaQ>lexltleo  and  variations  possible  batuaen  tha 
sTtrenss  of  strong  and  aaek  solutions  already  observad  for  the  four-parson 
oonstant-eun  gssia  Indloate  that  the  analysis  of  snoh  gaass  nay  proTs  to  ba 
eartrensly  dlffloult.  On  the  baals  of  the  axperlanoa  with  the  three  person 
gauss,  one  Is  Inclined  to  be  not  toosengntna.  The  strong  solution,  that 
appears  to  be  suoh  a  potent  darloa  for  the  sliqplif loatlon  of  the  results  of 
eonstant-sua  gansa,  nay.  It  appears,  be  of  relatively  little  value  for  the 
varlabla-sun  gaiass,  althou^  this  tentative  hjrpc^**^  ^  hardly  nora  than 
a  oonjeotura."  [^,  p.  35] 

5.6  Sdntlon  Concept 

In  addition  to  the  dlfflooltles  sa  have  raised  aarllsr  with  raspaot 
to  solutions,  Shaplay  has  pointed  out  [24]  that  even  If  the  general  notions 
of  doadnatlon  and  solution  are  aooaptad  there  Is  an  open  problem  about  the 
domain  of  n-tuples  over  wfaloh  these  notions  ahotdd  be  defined.  In  von  Neunann 
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and  Uorganvtam  and  In  oar  proaaotatlon  hara,  tha  doaaln  la  that  of  lapotai- 
tlona.  "Tba  propriety  of  thia  raatrletlon  to  [tha  aat  of  i^aitatlona^  mij 
ba  ohallaaagad  on  aararal  (roonda*  Ih  tha  firot  plaoa,  it  la  not  at  all  obrlona 
that  tha  notion  of  grom  rationality^  aa  axeapllflad  by  tha  aolotlon  of  an 
n-person  gaae,  zsuat  neeasaarlly  be  a  reflnaasnt  of  the  principle  of  Individ  vial 
rationality,  as  embodied  in  the  inequalitloa  ^ ^  {i} )']]  •  In  the  eacMid 
placa,  it  nould  seam  methodologically  more  correct  to  study  the  consequences 
of  the  doxinatlon  process  aeparatijly  from  ihoso  of  tho  blocking  process.* 

One  might  even  hope  that  the  fona"v,  apparently  the  more  pcworful,  mlglit  make 

I  i  ■' j  -ii'i  •  •  .  .  ■'  ■  !  )■;  ■  ■  i"  • 

sc’-Jld  bo  oril;r  a  tGchnicai  coa.onl  and  vrould  not  projv'dlca  iho  coneoptual 

substructure  of  the  theory.)  Foiling  this,  tho  restriction  to  [iaputatlons3 
might  bettor  bo  applied  (if  it  is  desired  to  exclude  'irrational*  solutions) 
after  stability  undar  domination  has  been  secured."  |[24,  p. 

To  begin  vlth,  Shapley  usakens  the  conditions  on  a  charaotezdntlc 
function.  He  continues  to  require 

v(R\Js)  ^  v(R)  +  v(S)  for  disjoint  R  and  S  in 

but  ba  droi>a  the  raqniraoant  ▼(^)  =  0.  Rathar,  ha  assigns  to  ^  the  (negative) 

•  • 

value  I  the  least  that  the  mhole  g^ovp  might  get  mlnua  the  :  jdjcum  they  might 
get.  That  is,  v(i^)  gives  the  spread  of  possible  profit  from  playing  the 
game.  Of  course,  in  a  constant  sim  gams  v(^)  =  0.  Rhlle  in  this  section 
we  shall  use  this  nox*e  general  definition,  in  seetioasIII.6  and  III.7  the 
definition  of  III  .4*1  will  be  ea^loyed. 

Three  dlffemt  classes  of  n-tuples  have  been  Isolated  t 

Qy  'Hilocking  process"  6hapl^  means  the  refusal  of  a  player  i  to  accept 
a  payment  less  than  v([i})o 


Q  !•  the  set  of  n-toples  Z  euoh  that 

▼(i)  + 

’  "  1£I  ^  “ 

n 

E  Is  the  set  of  o-tuples  X  such  that 

-EZ,  X,  5=  ▼(!„)• 

I  is  the  set  of  iv-tnples  >^oh  are  In  E  and  swh  that 

We  observe,  first,  that  I  Is  the  set  of  isf>iitatlons,  and  that 
I  C  E  C  Q. 

If  the  reader  will  tom  back  to  section  he  sill  see  that 

neither  the  definition  of  donination  nor  that  of  solution  direetly  eiaploTs 
the  faot  that  se  were  dealing  with  iaqpvtatlons;  thsT-  are  eoooqpfts  defined 
for  an^  given  set  C  of  n^tv^les,  and  at  that  tins  we  apeolfled  C  ~  I 
(  =  the  set  of  lBqfratations)o  Shaplegr  Introduces  the  term  Castable  for  those 
sets  A  of  C  which  satisfy  the  oonditloos  of  a  solution,  l.e., 

lo  no  element  In  A  dominates  another  element  In  A, 

»nd  11,  every  element  of  C  not  in  A  is  dominated  by  some  element  of  Ao 

An  I-stable  set  is  therefore  another  way  of  speaking  of  a  von 
Heunanzt-Uorgenstem  solution « 

Among  the  Uieorems  proved  hy  Shapley  we  find  that  a  set  A  Is  0- 
stable  if  and  only  if  it  is  E-stable«  That  is  to  say,  if  one  is  eonoemsd 
with  stable  sets,  then  It  la  lanmteria3^  whether  one  chooses  0  or  E  as  the 
set  of  n-tuples,  for  no  O-stable  set  intersects  OoE,  The  relation  between 
a  and  I  is  more  eosqpllcated,  but  it  Is  somewhat  revealing  of  the  effect  of 
the  added  condition.  Suppose  a  set  A  is  a  solution,  l.e.,  it  is  an  I-stable 
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Mftf  thm  A  Is  a  (V-«tsbls  s«t  If  sod  only  if  for  aadi  plagrar  1  It  Is  posslbls 
to  find  sa  X  In  A  saefa  that  ^  =  t ({!))• 

Ths  slcnlflesaoa  of  ths  work  of  ShaplsU-'s  is  that  It  shows  elsarljr 
tha  effaot  on  the  won  lls<SMrin  Mnrgsnstsra  theory  of  solutions  of  restricting 
the  olass  of  possible  psjasnts  to  the  set  of  i^>utatlons.  The  last  result 
tndloates  that  the  restrlotion  to  isputatlons  is  not  redundant  in  solution 
theory,  but  nore  than  that,  it  shows  what  effect  the  restriotion  has.  His 
ether  results  are  of  a  nature,  and  tha  reader  is  referred  to 

for  a  full  eaqpositlon. 

The  topic  of  this  seotion  >  the  solutions  of  won  Nensann  and  Hergeo- 
stem  -  is  tbs  askjor  gane  tlieoretie  svqperstructure  so  fsf  eonstruoted  upon 
the  oonoept  of  a  oharaoteristio  function.  Initially  it  was  noted  that  oust 
the  spooe  of  iapotations  a  relation  known  as  "dooixiation”  oan  be  defined. 

Otae  iagmtation  X  is  said  to  doadnate  another  iqmtation  T  if  there  exists  a 
non  Mjitj  ooslltion  T  sueh  that  eesiy  ■saber  of  T  parefers  X  to  T,  or  in 
STSibols,  if 

i.  for  itT,  \  ’> 

and  if  it  is  reasonable  for  the  asrtaars  of  T  to  eiqMOt  the  total  pagrasnt 

preseribod  hjr  X,  i.e.,  if 

ii.  t(T)  ^  . 

leT  ^ 

It  wats  noted  that  the  doaination  relation  need  not  be  aayasetrio}  in  other 
words,  that  for  iapotations  X  and  X  it  is  possible  for  both  X  to  dominate 
X  and  X  to  doainate  X  (  of  oourse,  different  coalitions  are  involved  in 

each  case). 
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A  Mft  A  ot  ipptxtatlona  !•  oil  ad  a  aolttien  if 
i.  no  Ij^mtatlon  in  A  doadmtoa  aaothor  l^pfotatian  in  k, 
and  11.  •rtoey  l^mtatlon  not  In  A  la  doalnatad  bgr  aona  alaaant.  of  A. 

Tha  adlntlons  of  tha  3-paraan  eomrtant-atai  ganan  vara  glvan^  and 
froB  thaaa  ravolta  It  la  known  that  thara  maj  ba  a  oontlnoni  of  dlfferant 
aoltttloaa,  that  aaf  ona  aolutlon  aajr  eontaln  either  a  finite  madber  or  a 
ooctlnuuBi  of  laputatlcoa,  and  that  avarjr  lapotatlon  of  the  >^>araon  oonatant- 
ana  gaaa  la  a  Baaihar  of  at  leaat  one  aolutlon.  In  eootraat  to  the  plethora 
of  aolutlona  In  that  oaaa«  It  vaa  noted  that  ona  of  the  aajor  unaolvad  prob- 
laaa  of  n-paraon  gaae  thaorx  -*  aotaa  vofold  aajr  the  aajor  one  -  la  to  poroTa 
the  axiatenoe  of  at  leaat  one  aolutlon  for  0017  n-peraon  gaaa. 

Vtehal  argunanta  vara  praaantad  todafand  tha  point  of  viaa  that 
»ay  aolutlon  repraaanta  a  partloularlx  "atabla*  aat  of  iagratatlona  and  that 
rational  plajara  vUl  not  atte^Tt  to  darlate  fron  It  once  It  la  aelaotad. 

The  aalaotlon  of  one  aolutlon  fTon  tha  aai7  poaalbla  vaa  aaorlbad  to  "atand- 
arda  of  btfiavlor''  of  aooletT’  which.  In  the  3-paraon  oaae,  vovQd  dictate 
rhether  dlaorlnlnatlon  la  allovad  and  If  ao  how  auoh.  Ihe  datamlnatlon 
of  exaotlj^  which  ligmtatlon  of  a  aolutlon  will  arlaa  in  a  glaan  altnatlon 
vaa  attrlbutad  to  'Uia  "bargaining  abilitiaa”  of  the  playera  and/or  chance. 
Doubta  axlat  aa  to  whether  aueh  Tarbal  dlaouaalooa  oan  really  be  oonaldexwd 
a  aatlafactory  raaolutloa  of  tha  problan. 

In  addition  to  tha  above  oonoeptual  polnta.  It  waa  pointed  out 
that  aolutlona  do  not  generally  appear  to  have  vary  regular  propartiea  and 
that  ao  far  It  baa  proved  la^aaible  to  charaoterlaa  eathaaatloally  aolu- 
tiona  of  any  broad  olaae  of  gamaa.  Thalr  vary  Irregularity  and  abundance. 
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howsTwr,  ar*  fait  bgr  mxij  to  ba  tha  atrangth  of  tha  thaory  for  thax  allov 
It  to  aooo^paaa  a  wlda  aarlaty  of  phanoaana.  It  is  argoad  that  this  is 
naoassax7  since  hisMn  bainga  eaaa  to  organisa  in  a  larga  aaria^  of  aagrs  to 
eopa  with  tha  saaa  situation. 

An  atteiqit  to  giva  a  foraal  raaanlng  to  the  notion  that  aolutlons 
ara  partioularly  stable  sets  of  i^putationa  lad  to  tha  ooooapt  of  a  atrong 
solution.  Briefljr*  a  strong  solution  is  ona  such  that  aaeh  isqputation  idiieh 
doadnataa  a  haratloal  ona  (not  in  tha  solution)  also  aetivaly  "puniahas" 
at  laaat  one  of  tha  playars  partioipating  in  tha  harasy.  It  appemrm  that 
this  ocooapt  is  a  vary  affaotiva  rastriotion  on  solutions  in  constant-sua 
gaaas  (in  tha  >>parson  eaaa  isolating  only  ona)»  but  there  ara  tentative 
indications  that  tha  notion  is  anoh  lasa  sucoassful  for  non-ccnstant-sua 
gamas. 

In  tha  final  section  it  aas  pointed  out  that  tha  rastriotion  to 
imputations  is  not  naoassary  in  order  to  define  tha  domination  relation  and 
to  isolate  sets  of  n-tT^>las  analogous  to  solutionsi  these  are  called  C-stabla 
sets,  idiara  C  la  tha  particular  sat  of  n-tuplas  under  oonsidaratlon.  Ona 
of  the  oantral  results  is  that  tha  eondltlon 

▼(In)  =  x^, 

i€I„^ 

idiioh  is  required  of  an  Isymtation,  is  not  assantial  afaan  solutions  ara  studied. 

Tha  condition  _ 

*<I„)  ^  2_1  X, 

oom>lad  with  the  properties  of  tha  solution  concept  automatically  oausas  the 
equality  to  ba  satisfied  by  the  n-tv^las  in  the  solution. 


III-65 


6.  StafrnitT.  -Salaa.  and  ItoaaMiabl*  ftitco«g« 

6.1  St^bintr  of  j2ttU 

from  aolutlona  and  thalr  rudfloationay  th«r«  appaar  to  ba 
thres  othar  topics  in  n-parson  (oharaetarlstie  function)  gaaa  thaory  sfaleh 
haTS  raoolTSd  attention.  TSiile  two  of  these  (sactions  III.6.1  and  III.6.3) 
oontimis  to  be  oonoemed  with  outeoaae  sbieh  might  reasonably  ba  expseted  to 
oceiir  In  a  gaaw,  all  three  differ  appreciably  from  ths  solution  notion. 

For  azaspla,  one  of  the  salient  differences  of  the  definition  ws  shall 
piraaant  in  this  ssotion  Is  that  it  does  not  dsal  with  imputations  or  seta 
of  iopotationa  alone,  but,  following  the  suggestion  of  III .4.3,  it  isolates 
pairs  consisting  of  an  ia|>tttatlon  and  a  corresponding  breakdown  of  the  players 
Into  coalitions. 

Following  cur  fastilar  precedent,  we  shall  use  the  3-pcrson  constant- 
sum  game  as  a  source  of  ideas.  Suppose  the  players  were  to  oonsiisr  an 
iapotatlon  X,  idiere,  without  loss  of  generality,  we  may  8ig>pose  ^  ^  z^. 

It  follows  iansdlately  that  z^  >  -1,  and  so  z^+  >2  ^  Thun,  players  1 
and  2  might  be  expected  to  form  a  coalition  and  tc  split  the  resulting  pay^ 
msnt,  1,  say  by  adding  half  the  difference  between  1  and  to  the 

amount  each  would  have  received  according  to  X.  In  this  arrangement,  player 
3  receives  only  -1,  and  so  it  behooves  him  to  go  to  player  1,  who  is  receiving 
less  <-->n»Ti  player  2,  and  to  suggest  to  him  that  both  of  them  could  ljq>rove 
their  lot  by  forming  the  coalition  {l,3^  •  This  proposal  would  be  accept¬ 
able,  for  3  can  allow  1  to  do  a  little  better  than  he  would  in  the  coalition 
with  2,  nnri  at  the  sans  time  3  will  do  better  than  -1.  Of  course,  this  iso- 
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lat«a  pl«7«r  2  with  an  a3q>acta(l  payaant  of  -1,  but  ba  In  turn  can  approach 
plagrar  3  with  a  alnllar  offer,  and  ao  on.  It  rai^  be  propoaed  at  aoaa  ataga 
that,  to  counter  thla  Infinite  regreaa,  a  coalition  of  teo  playera  gleea  the 
third  player  enoo^  ao  that  he  would  not  try  to  dlarupt  the  coalition;  but 
It  can  be  shown.  In  the  3-person  case,  that  "enou;^”  to  aatlafy  Mm  would 
eause  at  least  one  of  the  other  players  to  lose  aa  a  result  of  Joining  the 
coalition,  and  so  It  would  not  be  fomad.  Looked  at  in  thla  way  there  appears 
to  be  an  Inherent  InatabUlty  In  the  outoosw  of  the  3-pas‘son  coustant-sua 

Intuitively  It  appears  that  this  arguaant  could  be  applied  to  any 
gana  and  so  every  gaas  la  unstable  In  this  sense.  Thla,  If  true,  eeans  the 
analysis  mart  be  too  groaa,  for  certainly  there  are  aoiBe  ganas  one  ali^>ly 
does  not  want  to  pass  off  aa  unatable.  Hhat  la  suggested  la  that,  rather  than 
an  absolute  stability-instability  diohotony  for  gaaas,  we  define  a  notion  of 
degree  of  stability.  Our  asthod  of  doing  this  will  Involve  the  Introduction 
of  an  extra-gaaw  paraaster,  and  It  is  this  which  gives  the  prasent  theory 
its  hoc  character. 

Let  us  suppose  that  in  one  way  or  another  the  players  have  agreed 
on  a  system  of  ooaUtlons,  which  we  may  describe  by  ^  —  (7]^»72*****^t^* 
where  the  are  coalitions  which  are  non-overlapping  and  which  eidiausb  the 
act  of  players.  Now,  these  rational  players  presumably  wish  to  better  their 
lot,  and  so  we  must  assume  that  each  of  the  coalitions  Is  eonteiqjlatlng 
changes  in  mersberriiip  in  an  attest  to  iJ^prove  its  position.  In  general, 
the  coalition  may  contenplate  the  addition  of  a  set  of  members,  say  Q, 
wjwi  also  it  may  decide  to  expel  some  members,  H,  (idio  arc  not  carrying  their 
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mb»rm  of  the  load,  in  aos*  aaosa).  If  thaaa  ehancaa  vara  aada,  tha  nat 
ranlt  voald  ba  tha  ooaUtian  ^  difficult  to  aaa  that 

If  thara  la  no  raatrlotlon  oo  tha  eholoe  of  0  and  H,  than  angr  poaalbla 
coalition  S  can  ba  raprasented  In  tha  fora  (T]^|Ja)-H  by  appropriate  choices 
of  Q  and  H.  If,  however,  we  were  to  restrict  tha  choice  of  Q  and  R,  l«v., 
to  reatrlot  the  coalitions  which  aay  consider  within  Its  dooaln  of 
change,  then  there  may  ba  coalitions  S  which  cannot  be  written  In  the 
font  S  =r  (TilJO)-H. 

We  shall  suppose  that  the  Uaitatlons  on  the  choice  of  0  and  H 
arc  given  In  the  following  Banner.  For  each  possible  system  of  eoalitloos 
*0  (  =:  partition  of  the  players  into  non-overlapping  subset a  distinguished 
set  of  coalitions  which  Includes  tha  elements  of  is  given;  this  sat  of 
coalitions  may  be  denoted  by  '^(  ^  )•  Each  of  the  coalitions  in  ’^(  T  ) 

Is  called  a  -critical  coalition  ot  'C  o 

Intuitively,  we  think  of being  detemlnsd  so  that  If  S  Is 
a  -critical  coalition  of  'C »  then  there  Is  a  coalition  In  which 
Is  not  too  different  from  S.  Our  assumption  will  be  that  a  change  from  T. 

e  * 

to  S  can  and  will  be  effected  by  the  players  If  there  is  some  reason  to  do 
so  (see  below).  One  mle^t  Imagine  that  this  assunqptlcn  would  necessitate 
tagging  each  -critical  coalition  according  to  which  of  ^  may  change 
into  It,  but  for  the  present  equilibrium  theo^  this  is  not  necessary;  a 
■ere  listing  of  all  the  -critical  coalitions  of  'T  Is  adequate. 

Qlven  such  a  ,  however  chosen,  our  next  concept  Is  concerned 
with  those  Imputations  and  partitions  into  coalitions  such  that  there  are 
no  "forces”  on  the  players  to  change  their  alliances,  the  degree  of  allowable 
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ohsng*  b«lag  glvva  67  •  Lot  X  b«  an  laputation  of  a  saaa  and  'C  a 

partition  of  tha  plaarera  into  coalitions.  The  pair  (X,  ia  called 
'>|r  -stable  if  the  folloeing  teo  conditions  are  aett 

i.  if  T€  'C  and  if  {t]  >  1,  then  >  v<{i})  for  i  €T, 

ii.  if  S  is  a  -critical  coalition  of  , 

^  i€S  ^ 

Tha  first  of  these  tao  conditions  siaply  reflects  the  intuition 
that  to  persuade  a  player  to  pairtielpate  in  a  coalition  of  teo  or  more 
players  it  is  necessary  to  give  hla  more  than  he  could  expect  to  receive  if 
he  eere  to  play  alone.  To  understand  the  second  condition,  suppose  that  on 
the  oontrary,  t(S)  >  x,  for  soma  -critical  coalition  S.  Then 

les  ^  * 

if  coalition  S  is  foraed  there  is  an  assured  gain  in  payment  to  the  coali¬ 
tion  S  aboTB  vdiat  ems  arranged  in  the  lJ^7utatlon  X,  and  each  of  the  players 

in  S  coiild  be  made  t-o  profit  by  giving  hiai,  for  exaople, 
v(S)  -  X. 

IM 

Since  S  is  a  -critical  coalition  of  ,  the  change  to  S  is  possible  by 
our  assumption,  and  so,  assuming  rational  players,  it  would  be  seriously 
oonsldered.  nhether  it  would  be  effected  depends,  presumably,  on  other  coc^ 


petlng  possible  and  advantageous  changes.  In  any  ease,  there  would  be 
"positive  forces"  to  disrupt  the  pair  (X,  'C  )•  If,  on  the  other  hand,  condi¬ 
tion  il  holds  for  every  o|/^-cx*ltical  coalition  ot  'C  ,  then  within  the  limita¬ 
tions  on  change  specified  by  '4^  there  is  no  Inducement  for  any  changes  frost 
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th*  pair  (X,  'C  )j  and  ao  it  ia  a  point  of  aq:allibrliai,  or,  aa  va  hava  aald, 
tha  pair  la  ^-atabla. 

Ctaa  night  ralaa  at  this  point  tha  qaaatlon  of  unlqaanass  of  auoh 
palra  In  a  game,  ahloh,  as  wa  hava  atrasaad  aarllar,  la  of  aoaM  Inportanca 
In  a  pradlctlTa  thaoryo  HovraTar,  thla  dlacuaalon  will  ba  aaalar  after  wa  haaa 
praaantad  aona  reaulta> 

Tha  daflnltlon  of  ^-atabillty  of  a  pair  is  Invariant  under 
S-aqul valance,  and  ao  it  is  acceptable  from  the  point  of  vicir  of  aection 
III  •4*2.  Wa  ahall  call  a  gaaa  -atabla  if  there  axlata  at  least  one 
^  -stable  pair,  otherwise  it  is  called  -nagiiUJt.* 

These  daflnltlons,  and  the  following  results,  are  due  to  one 
of  tha  authors  of  this  report,  Hla  paper  £ll3  presents  definitions  and 
results  for  aoly  the  first  special  case  of  which  we  idiall  discuss  below, 
but  the  nodifioations  indicated  here  are  very  easily  madso 

With  the  function  absolutely  unspecified,  as  it  is  above, 
little  nore  can  be  said*  If,  however,  we  make  certain  speoiflc  choices 
for  it  is  to  be  e]q>ected  that  certain  thaorens  can  be  proved.  Wb 

ahall  nake  two  closely  related  assunptlons  on  the  fora  of  ,  both  of  which 
lead  to  tha  sane  thaorens.  In  effect,  the  first  specification  says  that  a 
coalition  S  is  In  if  there  exists  a  T^  in  such  that  S  and  are  not 
too  different.  To  be  precise,  let  an  integer  k  between  1  and  n-2  be  given. 

We  shall  denote  the  we  are  about  t<.  define  by  Any  coalition  S  is 
in  Vjj('C  )  if  and  only  If  there  exists  a  T^  in  such  that 
j(S-Tj^)(^(T^-S)  I  ^  k.  Put  another  way,  S  is  in  Vj^(  '|^  )  if  axid  only  if 
there  eadsts  a  T^  in  'C  such  that  a  subset  H  of  T^  and  a  subset  0  of  -T^^ 
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can  b*  found  with  thw  paroportlwa 

s  |oUh|  ^  k. 

In  worA»g  S  la  a  V|^-orltleal  coalition  of  *0  If  thara  la  a  eoalltloo 
of  'C'  which  oan  ba  aodlflad  Into  S  by  tha  addition  of  plajrara  aztd  by  the 
raaoaal  of  playara^  ao  long  aa  tha  ntadMr  added  plua  tha  ntabar  axpallad 
doaa  not  axoaad  k. 

Our  notlwatloD  for  thla  definition  la  eoncamad  really  only  with 

tha  oaaaa  k  =  1  or  2,  and  It  la  baaad  on  tha  ordinary  obaarvatlon  that  aoat 

ohangaa  In  coalition  strueturea  In  both  tha  aoonoBQr  and  among  Indlwlduala 

ocour  aa  a  aaquanoe  of  ohangaa,  aaeh  ona  of  idiloh  larolwaa  tha  addition  or 

ajqmlsloa  of  only  ona  or  two  Indlwlduala  at  a  tlaa* 

It  oan  eaally  ba  argued  that  ^  omlta  oartaln  liqwrtant  ooalltlona 

froai  conaldaratlon «  For  aacaaQ)la,  auppoao  k  =:  1,  than  in  wa  oonaidar  only 

thoaa  coalitions  which  ara  formed  either  by  tha  addition  or  the  remowal  of 

ona  player  from  tha  coalitions  of  ,  but  in  general  suoh  sijg>la  coalitions 

**  under  oonslderatlon  as  poaslbla  changes.  For  1  and  j  to 

oonslder  bolting  their  raspaetlwe  ooalitlono  to  form  tha  coalition 

If  it  Is  profitable  to  do  so,  saaois  a  wary  plausible  ewant.  la  ara  thus 

lad  to  define  Iks  coalition  S  Is  In  W  (  )  if  and  only  If  either 

*  k 

1.  S  la  In  V^(  t  )* 
or  11.  l5|  ^  k  -l-l. 

A  third  spaolal  and  iagsoztant  ease  of  Is  tha  ona  whleh  tnoludas 
sTi  possible  ooalltions  for  every  possible  'V  j  this  we  shall  denote  by 

E(r). 


c 


Gbsarva  that  for  aqy  ^,'\|^(lf'}isa  sat  (of  coalitions)  and 
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•o  w  Mgr  mpmmk  of  on*  ^  b«iz>c  Ineludod  in  oziothar.  It  ia  oaay  to  •••  that 
tha  foUovins  ralatlona  ara  trtM  . 

V'c*)cv'^>c:e<  t ) 

W 'c  )  =  Va( >r  )  =  ) 

V  tr)c:\,(  r)  it  ^  ic* 

V  )  If  It  ^  k* 

It  la  not  hard  to  ahoir  that  If  '>|/'(  'C  )  CZ  'C )  for  eTary  Y't 
than  tha  foot  that  a  c***  i*  '-atabla  li^pllaa  that  it  la  -atabla, 
and  If  It  la  -iinatabla«  than  It  la  '>|^'-unatabla»  Thua,  V^-lnatability 
la.  In  a  aanaa,  abaoluta  Inatablll^,  for  no  laattar  how  Hart  tad  wa  naka  tha 
alloaiabla  ohangaa  In  aueh  a  gana  •  provldad  wa  allow  aona  In  aaeh  oaaa  - 
thara  ara  no  atabla  palra. 

It  oan  be  ahoun  that  any  i>>para<)n  aasantlal  oonatant~aaa  gana 
la  S-unatabla,  and  ao  tha  oonatant-am  ^-parson  gaaa  la  V^rvnatabla,  aa 
laaa  auggaatad  aarllar  In  thla  aaotlon.  If,  howwTwr,  wa  drop  tha  oonatant- 
sna  raquiraawnt,  an  axaaple  can  ba  glran  of  an  Enitabla  gaaao 

Tha  aaaantlal  oonatant^aun  4^peraon  gaawa  In  -1,0  radnoad  form 
hava  tha  following  oharaetarlatlo  fuiotiona 

0  f  0 

t<T)  =:  '  whan  T  haa  ^  ^  alanasta,  and 

.  0  l4 


e 


-▼(12,3}) 

▼({2»4})  “  =  -▼<li.3}) 

▼(i3»4})=  -▼({l»2}) 
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th«  imlbcrs  aay  mMvamm  may  valuta  In  tha  intarval  from  -1  to  +1. 
tkm,  it  will  ba  rooallad  that  In  aaoiion  wa  aantlonad  that  all  4->porsco 

oonatant-aoB  c«a*s  ara  quota  gaaaa,  and  ona  can  aaslly  sae  that  tha  quota  ia 

^1+3^2+^311 

It  oan  ba  shoun  that  a  4>paraan  oonatant-aua  gaaa  la  Tj^'.atable  if  omy 
—  ^  l^j-atabla«  Nb  nay  lianadlataly  dlapoee  of  the  oaaa  k  =  2,  for  froa 

our  genaral  reault  about  eanatant>araa  gaaea  we  know  that  0L4-paraan  oonatant- 
la  V2>*atabla*  For  k  'S  1,  it  oan  ba  ahown  that  a  ^paraon  eonatant* 
aua  gaaa  ia  V^-atabla  if  and  only  if  tha  quota  is  an  Isqjutation.  For  thaae 
F^-atablo  gaaaa,  the  Inputatlon  X  of  any  Vj^-atable  pair  (I,  )  ia  alwaya 

tha  quota,  and  ona  can  aoqplieltly  atata  thoaa  'C  'a  for  adiioh  tha  paira  ara 
atabla*  We  naad  not  do  thia  hare* 

It  will  hm  raoallad  that  a  puaa  ia  oalled  alBml#  if  ii(T)  0  or  1 
for  avary  T,  whara  ■  ia  tha  0,1  radoead  fora.  Thoaa  ooalltiona  T  for  idiioh 
■(T)  =  1  ara  oallad  ^XOBiS^  thoaa  for  which  m(T)  =  0  ara  eallad  Ifitlfig* 
eoalitiona*  It  oan  ba  ahown  that  a  Blaq>la  gain  ia  Vj^-atabla  If  and  only  if 
it  la  1^-atabla,  and  thia  atablllty  aay  ba  charactarisad  aa  foUowai  A 
ainpla  gaaa  la  V^->unatabla  if  and  only  if  tha  Intaraaetion  of  all  winniz^ 
eoalitiona  having  k  -h  1  aart)arB  ia  tha  aapty  aatj  or,  atatad  poaltlvaly, 
a  mlmplm  gaaa  la  Vj^oatabla  if  and  only  if  althar 

i.  thara  ia  no  winning  coalition  whloh  has  k  i-  1  aadbara, 
or  ilo  thara  la  at  laaat  ona  player  idio  la  a  maabar  of  avary  winning 

eoalition  whieh  haa  k  -t-  1  aeahara.  For  the  oaaa  k  :=  1,  a  full  daaoriptlon 
of  tha  V^-atabla  paira  (X,  }  in  both  oases  i  and  ii  can  ba  given}  tha 

reader  is  rafarred  to  . 
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For  th«  OAM  k  =  1,  a  worm  datallad  rasolt  about  alaq;)!#  saaM  la 
poaaiblo,  ahloh  la  of  aoaa  Intarast  for  It  Indioataa  how  faw  sli^ila  gaaaa  ara 
7j^-onatabla.  If  a  gaaa  oonalata  of  two  indapandact  gaaaa  oo  eoaplaaaitai^ 
aata  of  i>la7ara.  It  la  aald  to  ba  Into  tha  two  gaaaa.  liora 

praelsaly«  If  ona  can  find  a  aat  of  plaTora  T  auoh  that 

t(S)  =  t(S  O  T)  +  ▼(S-T) 

for  ormry  poaslbla  coalition  S,  than  the  gana  la  daeoapoeabla  Into  gaaaa  on 
T  and  -T«  In  aaaance,  tha  original  gaaa  la  not  truly  what  ona  Intultlraly 
a  gaaa}  It  la  rathar  a  ftnnaal  oonjnnotlon  of  two  disjoint  and  noiw 
Intaraotlng  gaaaa.  Tha  notion  is  probably  not  of  practical  intarast^  but  It 
aoat  bo  lotroduead  for  thara  la  nothing  In  tha  daflnitlon  of  a  gaaa  sdiloh 
axoludaa  tha  possibility*  It  ean  ba  shown  that  any  Vj^otmstable  alapla 
gaaa  la  daeoaposabla  into  tha  >>parson  oonstant-4m  gaaa  and  tha  (n>3)~paraon 
Inaasantlal  gaaa.  But  slnea  tha  inasaentlal  gaaa  la  trivial  in  a  thaory 
of  coalition  formtloiy  tha  thaory  of  V],-unatabla  siaqpla  gaaaa  la  idantloal 
to  the  theory  of  tha  3-paraon  oonatant-aua  gaaa.  In  affaot,  than,  wa  know 
that  aalda  froa  tha  >>par8on  gaaa,  thara  ara  no  othar  "abaolutely  unatabla” 
sijq>lo  ganos. 

lb  aay  now  oonsldar  tha  uniquanasa  of  <i|r-«tablo  pairs.  First, 

It  la  olaar  from  UiS  above  that  thara  ara  sons  gaaaa  whloh  for  a  partloular 
eholea  of  tha  function  are  -unstable,  i.a.,  no  stable  pair  exists. 

Tha  thaoiy  pradlota  no  aquiUbrliBi  behavior  for  aueh  aituatlons,  a.g.,  tha 
V^-lnstablUty  of  tha  y-pmraoa  oonstant-sua  gaao-.  For  '\|r-stabla  gaaaa 
thara  Is  in  ganaral  aora  than  one  aqnllibrlua  point.  Uth  ^  rostrletad  to 
aithar  or  1^,  a  oonstant-sua  4-par8on  game  la  either  unstable  or  it  has 
a  unique  iiqaxtatlon  (tha  qiaota)  idiloh  ooours  in  all  stable  pairs.  But  for 
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■o!iM  of  the  atabl*  4-per8oa  gamee  there  la  nore  than  one  aytem  of  coalitions 
ehleh,  combined  with  the  quota,  are  atable.  The  theory  does  not  decide  which 
will  occur  in  practice.  This  situation  is  analogous  to  certain  i^yslcal 
problems  in  which  there  are  several  points  of  equilibrium.  There  it  is  found 
that  the  one  which  will  occur  depends  on  tho  initial  point  of  the  full  dynamic- 
system,  and  that  to  predict  it  a  full  dynamic  theory,  not  Just  an  equilibrium 
theory.  Is  required.  The  analogy  seems  so  close  that,  at  least  for  the  pre¬ 
sent,  we  shall  assign  some  of  the  failure  of  this  stability  theory  to  predict 
a  unique  outcome  to  a  lack  of  a  full  dynamic  theory  of  coalition  format'  '>n. 
However,  It  appears  that  there  may  be  a  fturther  ambiguity  which  will  not  be 
removed  by  a  dynamic  theory.  Consider  a  sickle  game  in  which  there  is  only 
OTie  2~element  winning  coalition,  say  .  Then  it  Is  not  difficult  to 

show  that  the  pair 

(  Ijp*  I”?*  »i3}»o.»,[^nj'j  ) 


is  V^-stable,  where  0  <  p  <  1.  The  theory  does  not  decide  on  the  value  of 
p,  which  presumably  rests  on  the  bargaining  abilities  of  the  two  players. 

Certain  summary  cooments  are  in  order.  Mathematically,  the  concept 
of  '^-stability  for  and  is  co^^>aratlvely  aasy  to  work  with, 

much  easier,  say,  than the  von  Neumann-Morgenstem  solution.  Evidence  of 
this  Is  the  fact  that  we  were  able  to  state  certain  ccmqplete  stability  results 
fo:.*  all  constant-sum  ^-person  games  and  for  all  siiqple  gamej  It  will  be  re¬ 
called  that  only  for  a  limited  number  of  these  gamos  has  It  been  possible 
to  obtain  coa^leto  sets  of  solutions.  It  is  also  of  interest  that  these 
definitions  led  to  r':sults  closely  tied  into  other  concepts  of  game  theory  - 
quota  games,  dceon^sitlon  of  games,  etc.  Thus  from  the  mathematical,  point 
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of  vl«v  on*  fools  that  tho  doflnitlon  Is  Justlflod.  Rraa  tbo  point  of  tIov 
of  social  soionoSf  aaro  is  nooded)  tho  doflnitlon  nost  haTo  sons  IntnltlTs 
■arlt  and,  possibly^  s<»a8  os^lrloal  norlt.  It  woold  appear,  to  a  Uasod 
author,  that  tho  stability  notion  dooa  haTo  some  norlt  conooptually,  boeauso 
it  deals  slmultanooualy  with  changes  in  IsQJutatlons  and  coalitions,  and 
m^ilrioally,  boeauso  It  is  often  oasier  tc  dotendno  tho  coalition  structure 
of  an  existing  situaltlon  than  tho  payments  in  that  situation*  A  comparison 
with  oxporliaontal  data  will  bo  discussed  in  asetion  111*7.1. 

Nonotheloss,  at  least  one  iiportant  orltleiam  can  be  lowoUed  at 
It.  Tho  introduction  of  tho  pooullar  funotlon  ,  a  function  whioh  is  not 
eaqplloit  in  most  real  situations.  Is  hard  to  defend  adequately.  IttMaro  there 
are  "standards  of  behavior"  which  are  Inpllolt,  or  at  least  vague,  and  whioh 
are  not  rigidly  enforoed,  it  may  be  possible  to  estinate  ,  but  there  is 
no  assurance  -  as  the  theory  assumes  there  is  »  that  someone  will  not  violate 
it.  A  possible  remedy  comes  to  mind  which  has  not  yet  been  eranrlned.  Suppose 
that  Instead  of  assuming  the  diohotcoy,  i.e.,  that  a  coalition  is  either 
'>|/’  -critical  or  not,  we  assign  to  each  possible  coalition  S  a  probability 
p(S,  'If')  for  each  'C  »  which  is  to  be  interpreted  as  followst  p(S,  )  is 
the  probability  that  a  change  to  S  will  be  considered  when  the  players  are 
in  the  coalition  ayateo  )C  .  mth  these  given,  the  theory  can  be  constructed 
aa  before,  except  for  assertions  of  the  form  "(X,  ^  )  is  ^-stable,"  whioh 
will  be  replaced  by  "(X,  'C)  is  stable  with  probability  p." 

Aside  from  the  above  proposal,  two  problems  for  future  research 
come  to  mind.  First,  it  is  at  least  mathematically  interesting  to  Imow 
undsr  what  oonditlcns  an  iaputatlon  X  of  a  V  -stable  or  a  W  -stable  pair 

K  K 

(X,  ^  )  is  in  a  von  Neumann-lforgenstsm  coluticnj  this  is  a  real  problem. 
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for  in  ••ctlon  I1I.6.3  w«  ahal^  prosant  an  axaqplo  of  sueb  an  imputation 
afaioh  la  not  containad  in  a  solution. 

Sacond,  an  attam>t  should  ba  made  to  davise  a  dynamic  theory  ahich 
describes  the  moTsment  froci  one  unstable  pair  to  another  pair  until  a  stable 
one  la  finally  reached «  all  changes  being  made  within  the  limitations  prescribed 
by  a  llmctlon  .  The  mechaniam  of  a  change  should,  of  course,  be  the  exist- 
enoe  of  a  positive  gain  for  the  players  participating  in  the  change.  The 
difficulty  in  giving  such  a  theory  seems  to  stem  primarily  from  the  fact 
that  from  any  given  (X,  'C  )  there  may  be  several  different  and  incompatible 
changes  in  the  coalition  structure  which  are  all  admissible  and  all  profit¬ 
able}  how  will  it  be  decided  which  will  occur? 

6.2  Value 

Tlie  next  topic  is  not  ccncemed  with  the  outcome  of  the  game, 
but  rather  with  an  §_  priori  valuation  of  the  game  for  each  of  the  players. 
Shapley  writes,  "In  attempting  to  apply  the  theory  ^of  games]}  to  any  field, 
one  would  normally  expect  to  be  permitted  to  include,  in  the  class  of  'pros¬ 
pects,'  the  prospect  of  having  to  play  a  gaM.  The  possibility  of  evaluating 
games  is,  therefore,  of  critical  importance.  So  long  as  the  theory  is  unable 
to  assign  values  to  the  games  typically  found  in  application,  only  relatively 
simple  situations  -  share  games  do  not  depend  on  other  games  -  will  be  suscept¬ 
ible  to  analysis  and  solution."  £22,  p.  307^ 

The  solution  to  this  problem  for  2-per8on  games  is  taken  to  be  the 
■iniw-r  value,  but  certainly  this  is  not  suitable  in  n-person  games  where 
coalitions  are  allowed,  for  the  idsole  point  of  joining  coalitions  in  essential 
gases  is  to  do  better  than  v((l}).  Presumably  the  '’value"  for  any  i  will 


depend  on  the  Tmlues  of  t(T)  for  each  coalition  T  having  i  as  one  of  Its 
members.  Just  what  function  would  be  reasonable  to  select  is  not,  on  the 
face  of  it,  obvious,  and  certainly  an  2^  hoc  definition  would  be  questioned 
and  ecantered  by  other  suggestions..  Bather  than  doing  this,  Shapley  es^iloyed 
the  more  elegant  procedure  of  stating  certain  requirements  as  intuitivoly 
necessary  properties  of  any  notion  of  numerical  value;  he  listed  three  ap>- 
parently  weak  ones  and  then,  surprisingly,  he  was  able  to  show  that  these 
uniquely  determine  a  value  -  that  there  can  be  only  one  function  satisfying 
the  three  conditions,  and  that  there  is  one. 

Suppose  a  game  is  given  by  the  characteristic  function  v.  From  this 
game  we  may  generate  others  by  permuting  the  labelling  of  the  players,  but 
abstractly  all  of  the  games  are  the  same  one.  Shapley 's  first  condition  is: 

lo  Value  shall  be  a  property  of  the  abstract  game,  or  more  formally, 
if  Vp  la  a  permutation  of  the  players  resulting  in  a  game  which  we  ii»y  denote 
Vv,  and  if  denotas  the  value  of  the  gams  v  for  player  i, 

V  v)  = 

His  next  condition  1st 

11.  The  individual  values  of  the  gams  form  an  additive  pairtltlon 
of  the  value  of  the  whole  game,  l.e., 

2Z  <tii(v)  =  v(i„). 

16  I„ 

Now  suppose  w  is  a  game  on  the  set  of  players  R  and  w  a  game  on  S,  idiore  R 
and  S  may  or  may  not  overlap.  No  may  extend  v  and  w  both  to  the  sat  R(J  S 
by  defining 


v(T)  =  vCrHT)  and  w(T)  =  w(sr\T),  where  TC  R\Js.-^ 
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w  think  of  those  two  gases  &s  being  played  by  the  players  R(^S 
but  played  co^xletely  independently  of  one  another.  This  coiqx)aite  gasM 
(ehich  includes  the  notion  of  dec(SQx>sabla  gaaes  defined  in  section  III  .6.1) 
■ay  be  tz*eated  as  a  single  game,  called  the  sum  of  ▼  and  w,  with  the  character¬ 
istic  function  v(T)  -f-  e(T).  Shapley's  last  condition  ist 
iii.  For  two  such  gamss  ▼  and  w, 

<^^{t  +•  w)  = 

or  in  words,  the  value  of  a  game  eocqposed  of  two  independent  games  is  the 
sum  of  the  values. 

One  oould  hardly  ask  less  of  a  numarical  valuej  what  is  surprising 

is  that  one  need  not  -  dare  not  -  demand  more,  for  these  three  conditions 

are  sufficient  to  deteroina  <|>^  uniquely,  and  indeed,  one  can  obtain  an 

ejqiliclt  fonaula  for  it,  namely, 

i.  (v)  =  ZZy  (a)  r  v(S)  -  v<S  -(!})] 
n 

where  s  =  |s|  and  (S“l)  1 

As  pointed  out  bF  I^ihn  and  Tucker,  Shapley's  "result  can  be 
interpreted  by  imagining  the  random  formation  of  a  coalition  of  all  of  the 
players,  starting  with  a  single  member  and  adding  one  pl.'rer  at  a  tlmso  Each 
player  la  then  assigned  the  advantage  accruing  to  the  coallt^n  at  the  time 
of  his  admission.  In  this  process  of  coiqputlng  the  e:q>ected  value  for  an 
individual  player  all  coalition  formations  are  considered  as  equally  likely.'' 

\l0,  p.  3032 


6.3  R»>»on»bi<  Quteo— » 

Kilnor  haa  pt£bllsh«<l  a  paper  In  irtiloh  ha  takas  vp  tha  problam 
of  tha  outcosM  of  a  gaaa,  and  though  his  daflnitlons  ars  dlffarantf  tha  vlaw- 
polnt  Is  similar  to  that  of  Vickrey,  Shaj^ay,  and  Lnoa  abova.  Tha  attaopt 
is  to  Is^wsa  raaaonabla  conditions  ahich  isolata  a  subsat  of  tha  sat  0 
(saction  IIIa5*6)  of  "outccmies**  subjact  to  "a*«tha  point  of  vlar  that  it  is 
battar  to  have  tha  sat  too  larga  rathar  than  too  small.  Thus  it  is  not 
assartad  that  ail  points  within  ooa  of  our  sats  ara  plausibla  as  outcomss} 
but  only  that  points  o\itslda  thasa  sats  ara  lisplausibla.”  £l6,  p.  2^ 

Examplas  of  such  subsats  in  ordar  of  dacraaslng  sisa  ara  the  sat  of  outcosas 
Q,  tha  sat  of  afflclent  outcomas  E,  tha  sat  of  laputatlons  I,  aiKl  tha  sat  of 
iaputatlons  which  are  in  at  least  one  van  Naumaxxi-JIorgenstam  solution. 

Ulnor  Introduoas  three  swra  conditions,  each  having  a  certain  degree  of 
raasonablanass,  and  ha  examines  soma  of  their  properties. 

First,  for  aqy  player  1  one  may  axamina  the  largest  contribution 
he  makes  to  any  coalition,  l.a., 

b(i)  =r  max  [_v(S)  -  v(S  -{i} 

s 

minor  defined  tha  set  B  to  be  those  outcomes  X  of  Q  such  that  for  every  1, 

^  b(i).  Ha  argues  that  "In  any  play  of  the  gaata,  player  1  will  wind  iq> 
in  soaw  coalition  S.  Tha  players  of  S  -  £l}  would  be  foolish  to  keep  1  in 
their  ooalltlon  if  ha  tries  to  gat  so  much  that  they  could  do  battar  withottt 
him.”  ^16,  p.  3^  This  argument  saans  questionable  if  not  irrelevant,  for  one 
oan  hava  a  game  with  tha  foUowixig  property:  For  player  1  in  coalition  S  there 
is  no  taaptatlon  to  nova  from  coalition  S  to  coalition  T  but  if  j  in  S  moves 
to  T  than  there  is  a  profit  for  i  to  move  from  S  -  {j}  to  T  (J  { j}.  In  that 
oaea,  if  1  is  important  to  S,  it  may  behoove  the  coalition  to  pay  J  more 
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than  hla  inm’i— itil  eootrlbution  in  os^dar  to  koop  both  i  and  Aa  an 
aocaaiaa.  It  la  to  gILw  aii(>la  caaaa  aith  ooalltiooa  S  and  T  s  and 

plajira  1^  J£S  aooh  that  S,  S  •>  »  T  U{0  alanlBc 

S  -  {1^  ,  T,  T  |J{1)  ,  and  tUIJ]  la^ng.  It  ia  raaacnahle  for  S, 
if  It  goto  aorM  than  0,  to  jmy  j  nora  than  t(S)  -i<S  =  0  in  ordar  to 

kaap  J  and  tharafora  i.  Neoathalaas,  it  aay  ba  noraaaonable  to  pajr  hln  nora 
than  b(J)  but  miner's  argosMcit  ia  net  raalljr  diraotad  to  this  pointo 

For  tha  3-^>arsoa  eonstant-aun  gaaa«  B  oontalns  tha  sat  I  of  li^pota- 
tlons.  For  tha  A^paraon  oonatant^aon  ganaa,  B  doaa  not  oontaln  all  of 
bat  Jodging  bgr  ana  axappla,  it  doaa  inoloda  a  alaabla  portion  of  it*  In 
ganaraly  it  oan  be  ahoan  that  B  ineladaa  both  tha  Shaplojr  vnlna  (III.6.2) 
and  all  von  Nauaauan  'Ifarganatam  aolvtions  (II1»5*1)*  It  is  not  dlfflonlt 
to  ahov  that  tha  iafmtatlona  of  tha  1^-atabla  pairs  of  angr  sinpla  gana  and 
of  angr  4-i>ersoa  oonatant-^un  gana  ara  in  and  it  voold  not  ba  aarpsd.Bing 
aara  this  ganarallgr  troa,  bat  it  is  not*  For  socai^la,  svppoaa  n  ^  4  and 
■({i})*  =  0, 

■(T)  =  lT|^  for  |t|  ^  3. 

Tha  pair  (  ((  0,0,*. .,0,1  t|  ,  ££ll*C23,*..,(n]]  )  is  «^-stabla  oinoa 

Obsarva  that  for  this  gana  b(i)  =  3/a  oxsd  so  for  a  ^  4, 
us  1  >  3^  ”=  b(n>, 

that  la,  II  0,0, *..,0,1  ^  is  not  in  B*  Hero,  as  so  oftan  in  aathanatios, 
aa  find  tha  Intuitions  of  'various  paopla  in  oonfllot,  for  both  minor's  oondi^ 
tions  and  those  of  Instability  have  a  esrtaln  intuitlTo  rsasonablsnass,  and 
grat  thora  ara  oasaa  —  adnittadlgr  sll^tlgr  pathologloal  ones  —  in  ahioh  one 
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or  tbo  othar  ■art  go* 

VSroa  tho  alborm  on^plo  and  froai  tha  atatad  raaalt  that  any  iiqiatatlon 
of  a  aoB  Wa<— fin  Moirginatam  aolntlon  la  In  it  foUean  iModlataljr  that 


thora  ara 


lapotatioaa  of  l^-atahla  pairs  shloh  do  not  balong  to  any  solution. 
Kazt,  minm»  introdnoaa  a  loasr  bound  for  payoffs  to  ooalitlons. 


1(S)  =  Bin  fiKS')  4*  r(S  -S»n 
S'CS 


and  lat  L  ba  tha  sat  of  cratoones  (snbaat  of  Q)  suoh  that 


S  X.  =  1<S)  for  all  SC 

In  aorda,  1(3)  is  the  aorst  that  oonld  happen  to  tha  players  of  S  if  they 
split  into  tao  aarrlng  faetlons.  If  ona  assuaaa  that  tha  bargaining  of  tha 
gano  aiU  result  in  tao  opposing  ooalitioDS>  and  that  in  order  for  a  coalition 
T  to  fom  It  nnst  distribute  its  payoff  in  suoh  a  fashion  that  auary  subset 
T*  of  T  is  girm  at  least  aCT*),  then  tha  outeona  will  fall  in  L. 

It  oan  bo  ^oan  that  for  3-  and  d'^^parson  oonstant-sun  ganas  L 
is  amotly  tha  intersaoticn  of  B  aith  !•  This  cannot  be  generally  true* 
for  as  knoa  that  the  Interseotion  of  B  and  1  Inoludee  the  von  Neunann-UorgMi- 
stem  solutions  and  Shaplay's  value,  and  an  axaaqple  oon  be  given  bo^  of  a 
gaas  aith  a  von  Newann-Vorgenstam  solution  not  aholly  in  L  and  of  one  with 
the  Shapley  value  not  in  L.  It  is  not  known  if  L  is  alaays  non-eoqpty,  though 
iftiTHMf  gives  a  aide  olass  of  ganes  for  ahioh  L  is  not  the  eoqpty  set. 

The  final  eonoept  is,  at  least  OMioeptually,  soowidiat  related 
to  that  of  '>|r -stability.  A  total  paynent  £  to  a  coalition  S  is  called  an 
unreasonable  jbMOd  ^  there  is  an  outooaw  X  suoh  that 

i.  X  is  feasible  aith  respect  to  the  opposing  coalition,  l.e., 

X.  ^  t(-S), 

1€-S  ^ 


ii;£-a2 


and  lie  no  subset  of  -S  can  be  Inducsd  to  Join  S  in  such  a  iia7  that 

S  recelres  S  *  l.o,,  for  every  TC  “S» 

^^2  >  t<SVJT)  - 

1£T 

If  we  define 

d(S)  =  ^ 

1£-S 


Biln 

-  r(~s) 


S‘  Z>  S 


[  »<s.)  - 

S'  -s  ^ 


then  It  la  not  difficult  to  shorr  that  ^  is  unreasonable  If  and  only  If 

S  '>  d(S)o  C  Is  defined  to  be  the  set  of  outecnes  X  such  that  for  each 

subset  S,  .1  Xji  ^  d(S)e  Relatively  little  Is  known  about  the  set  D, 

1€.S  " 


but  an  exaoqple  can  be  given  whore  Shapley's  value  is  not  a  menibeT  of  D,  and 
for  the  3-*P«reon  constant-sua  game  the  Intersection  of  D  and  £  Is  closely 
related  to  the  synaiBtrie  von  Neuo]ann~4(orgenstem  solution  F  (it  Is  the  slx^lex 
spanned  by  the  three  points  F^}o 

The  principal  Interest  in  these  definitions  resides  in  the  experl— 
work  which  was  perforaed  in  conjunction  with  them«  and  which  will  be 
discussed  In  section  IIIo7«lo  Kathesatlcally  It  is  not  easy  to  Judge  thea* 
for  as  we  have  seen,  relatively  few  restilts  are  known,  and  while  the  Intuitive 
ocnslderatlons  which  led  to  the  definitions  are  of  vital  iiqportanoe.  It  is  not 
until  the  consequences  of  the  definitions  are  known  that  one  can  critically 
evaluate  these  Intuitions* 


6.4  SjbeKZ 

In  this  section  three  theories  different  from  the  solution  oonstmot, 
but  each  based  on  the  characteristic  function  of  a  game,  were  given*  The 
first  supposes  that  the  end  product  of  coalition  formation,  after  all  the 
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ohanc«8  In  «lllanoe8  and  thraata  of  aosh  ehangaa  ha^a  ba«n  oonoludad^  will 
b#  a  pair  (X,  'C  )•  wherw  X  la  an  la^putation  deaorlblng  tha  pasnaanta  aerewd 
upon  and  wtiara  'C'  daaorlbaa  the  partition  of  the  pla^era  Into  eoalltlona* 

The  thearx  atta^pta  to  oharaoterlce  theae  equllibrlua  palra.  A  function 
^  )  la  aaauaad  to  be  glran  which  atatea,  for  each  partition  'C'  of  the 
plasrera  Into  ooalitlonay  to  which  eoalltlona  the  playara  may  eonalder  changing 
fZxMk  •  nie  Idea  bcdilnd  la  that  changea  In  alliancaa  are  gradually 
effected  and  that  only  eoalltlona  which  are  "near"  a  coalition  of  ^  are 
acceptable  aa  ponalble  changes  from  »  For  a  given  a  pair  (X, 't'  } 
la  nailed  '^—stable  oaiy  It  none  of  the  adalaalble  eoalltlona  (according 
to  can  guarantee  a  profit  to  the  players  In  the  coalition,  l.e.,  if 

1,  for  every  S  €  'T),  $  2Z  x.| 

'  'i€S  ^ 

and  if  each  of  the  players  In  a  non-trlvial  coalition  of  IT  Ib  guaranteed 


more  than  he  could  expeot  to  receive  were  he  to  play  alone,  l.e»,  if 

11,  for  every  i€T  where  T€ 'C  and  |t(  >  1,  >  ▼({i})o 

Using  this  definition  for  two  specific  olassea  of  functions 
certain  theorens  about  all  4— person  constant— sun  ganes  wn  sliqple  gwnwm 


were  stated. 

Objections  were  raised  to  Introducing  the  function  since  It  la 
not  generally  part  of  the  rules  of  a  gaaa  and,  at  least  In  its  present  non- 
probabiUstlo  fora.  It  la  not  to  be  expected  that  It  can  be  observed 
OiQdrleally.  One  can  look  at  it,  however,  aa  an  explicit  gd.  boo  assumption 
vdiich  reiOaoes  the  g  poeterlorl  verbal  discueslons  neceaaary  with  the 
solution  theory. 

In  the  second  aubseotlon  the  problem  was  raised  as  to  an  g  nrlorl 


m>84 


fl— tlen  tgr  9meti  of  tb«  pligran  of  •  gum  la  oharaetarlstie  fonotlcn  fora. 

9ia  problaa  aaa  approodiod  ^  atatlag  tfarao  eooditioe*  <*i1oh  ono  fools 
latnltlaaljr  Aonld  bo  aot  bj  oooh  o  ailao.  noaolort  it  chcald  bo  o  proporty 
of  abotroot  fUMO  and  IxtdopoBdont  of  tholr  partiealar  r aproooptatioo;  It 
aboaOLd  bo  an  addltlTO  poirtitlon  of  tho  total  valao  of  the  (aao,  v(Iq)|  snd 
tho  onltio  to  oooh  plajor  of  a  gaao  ofaiefa  lo  tho  "oatf*  of  too  ssaes  should  to 
tho  euB  of  hla  Taloos  In  tho  too  ooparato  cams.  Thoso  throo  eonditiono 
dotoralno  a  uniqus  oaluo  In  term  of  tho  eharaetoirlstlo  fnnotlon.  An  intor- 
protatlon  aas  giaon  bf  st^poolac  that  tho  eoolition  of  all  plajon  i*  fornod 
bgr  randoaljr  obooolag  ono  plsTor  and  (aith  oqual  llkolihood)  randoaly  adding 
ono  player  at  a  tim.  If  oaoh  plMjmr  is  assignod  tho  inersnsnt  ho  adds  to 
tho  ooalition  at  the  tlaa  ho  Is  soloetod^  than  the  -value  to  oaoh  player  is 
the  oxpoetad  value  of  his  Inereaent. 

In  tho  final  subeeotion  throe  different  and  Intultivoly  plausible 
rostriotiono  aero  placed  on  imputations  to  isolate  classes  shieh  are  "reason¬ 
able  ontooBseSf"  at  least  in  the  sense  that  any  imputation  not  In  tho  olass  is 
oonslderod  unreasonable.  Sons  questions  mre  raised  as  to  the  argmenta 
supporting  thoso  definitions,  but  no  final  deoislon  as  to  their  nerit  seem 
poosiblo  at  tho  aomnt  sinoe  so  few  mtbamtieal  results  are  knoen  involving 
tho  eonditions. 

7.  Baalrloal  atndv  oy  flgHI. 

7.1  An  fiBBSdMBk 

Notably  in  all  of  our  discussion  so  far  have  been  data, 

or  ovan  tho  aontion  of  data.  In  part  this  nay  bo  attributed  to  the  roaUsation 
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that  tlM  thaosy  of  gaaas  la  Inadaquata  aa  a  daaerfjitlTa  thaoTT’,  for  hoaan 
baliiga  alj^dT'  ^  not  haTa  tha  pcraaptios  accsaad  ^  me^  of  the  tbsorlao* 

Bat  too  ethar  raaaone  ara  aettiallgr  ■oora  laportant.  Asaomizif  that  wa  wiah 
to  ohaok  a  coalitloo  thaory.  It  Is  naeasaary  that  aa  know  tha  oharaoterlatio 
fonotloat  but  aa  haaa  alraady  poiatad  out  tha  groat  difficulty  of  dataralnlng 
the  noraal  foam  of  any  oodatlng  gasM  altuatloB  and,  earai  assnsdng  that  knoan, 
the  axtenalTa  caloulatlena  required  to  obtain  tha  oharactarlstle  function 
(III.3.1  and  lll»4*l)a  V-thout  lt«  aa  oannot  knoa  id»t  any  of  the  theories 
predict*  In  addition j  suppoae  the  characteristic  function  la  knoan,  then 
idiat  does  the  prlnolpal  theory  -  acn  Hanoann  and  Uorganstem's  solutions  - 
predict?  In  discussing  the  outccae  of  an  e:q>erlBiint  run  at  RAND,  the 
authors  raaark  "It  Is  extrasMly  difficult  to  tell  ahether  or  not  tha  obsoanred 
results  ocorroborata  the  aon  Heuaiaoo  Mergonstem  theory,  nils  Is  partly 
because  It  Is  not  quite  clear  idiat  tha  theory  asserts*  According  to  one 
Interpretatlcn  a  's»>lutlon*  represents  n  stable  social  structure  of  the 
players*  In  order  to  test  this  theory  adequately.  It  aould  probably  be 
necessary  to  keep  repeating  a  gaiie,  alth  a  fixed  set  of  players,  until  there 
setuBsd  to  be  sons  stability  In  the  set  of  outcones  ahich  occurred*  One  could 
then  see  to  ahat  extent  the  outcooies  of  this  final  set  doednate  each  other 
and  to  ehat  extent  other  possible  iaputations  are  not  dominated  by  them*" 

[6,  p.  23} 

It  appears  to  us  that  the  most  important  problem  of  empirical  eerl- 
fieatlon  Is  to  develop  a  aethod  to  detemlne  tha  charactaristio  function*  Of 
relevanee  hare  is  our  earlier  remark  that  nothing  less  than  a  cbaracterlstlo 
funotlcm  could  represent  a  nuaerloal  evaluation  of  ooalition  strength,  and 
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thst  tlM  ohar«ot«rl«tio  ronotloo  goTemiae  th«  bahavlor  of  tndlvldaBla  aox 
VW7’  noil  not  bo  tho  thoorotleol  ooo  of  tho  gaae  thoy  oro  plajing*  FroboUy 
Qoo  of  tbm  Boot  lipoortant  1— ■iliato  oootrlbntlono  ooelol  oointlato  oon 
■oko  in  thla  aroo  ia  poraotloal  oaplrloal  nothoda  of  dotaralning  tho  oharaotos^- 
latlo  function  approociiiatoly.  In  aoetion  HI  .7^2  «o  ahall  poropoao  a  nethod 
for  doing  thia,  one»  bofoovor,  ohioh  appoora  to  raiao  aa  aaay  problana  aa  it 
adlToa.  Alao«  it  nay  not  bo  noooaaary  to  dotomina  tho  ontiro  oharaotoriatio 
funotion  if  aoao  anoh  thoory  aa  tho  atability  ono  applioa.  For  aiqjpoao  thero 
aro  roatriotiona  on  coalition  obango  and  «a  ulah  to  dotondne  uhothor  tho 
proaant  atato  of  affaire  ia  in  oquilibriva,  than  no  nood  only  dotoonalno  tho 
^uoraotoriatio  funotion  for  tho  adaiaaiblo  eoalitiona. 

In  tho  labormtoay  thia  prohlaai  oan  bo  by-^Maaad^  at  least  in  part, 
by  doooribing  tho  gane  in  toma  of  tho  oharaotoriatio  fimotion*  This  ia 
anotly  uhat  Kaliaeh,  ifilnor,  Maah*  and  Soring  hare  done  at  RASD  [,6l  •  Wa 
■h^Ti  report  only  the  aaln  portion  of  their  exporiaant,  ohioh  oaa  conoamod 
with  too  4-'paraon  oonatant-aun  gaaeao  Each  gane  oaa  jureaented  to  the  aubjoota 
in  ohat  aaountod  to  a  0,1  roduood  fora  and  in  an  S-equivalent  font.  For  oaoh 
coalition  tho  ahbjoota  ooro  told  ohat  tho  ooalition  oould  reooiTa.  Th^  ooro 
than  giran  10  adnutoa  to  fom  ooalitiona  and  to  agree  ig>on  payBentB,  ohioh 
ooro  to  bo  told  to  an  uqpiro.  Ho  roportad  the  agrecoaente  baok  to  the  grawq> 
and  if  thoro  oaa  no  diaaanaion  ho  hold  the  playera  rigidly  to  tho  fomal  agree- 
nanta  at  tho  and  of  tho  bargaining,  Tho  authors  point  out  that  there  ooro  in 
nuaaroua  inforaal  agranaanta  wore  not  proofjasod  through  tho 

vaapiro  and  ohioh  oore  kept  in  good  faith. 

lie  fool  that  the  general  qualitative  i&gnraasions  of  the  auUiora, 
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vldla  net  totx  mritrlelng,  ar*  of  aafflolont  laportaneo  to  bo  q;iiotod  at 
langtht 

"Ibaro  ana  a  preellTlty  for  aaabora  of  a  ooalltlon  to  apUt 
armXjr*  pas^oularly  aaoog  tho  flrat  aMbora  of  a  coalition.  Onoo  a  mnloaa 
of  a  eoalitlon  had  formed.  It  fdt  aoaa  aoeurlty  and  triad  to  axaet  a  larger 
abara  from  eabaaq;uopt  aaabare  of  a  ooalltloo.  Tha  tendeoey  for  an  eren 
^pUt  anong  tha  first  naabora  of  a  ooalltloo  aaa  In  part  dna  to  a  foaling 
that  It  ama  anra  urgent  to  get  a  eoalitlon  fomad  than  to  arg.a  aueh  about 
tha  asaot  teraia. 

■Another  feature  of  the  bargaining  aaa  a  teodenoy  to  look  upon  tha 
coalitions  with  lairge  poaltlaa  Talnaa  aa  tha  only  onaa  mirth  oonslderlng, 
often  OTarlooking  the  fact  that  aoaa  players  eould  gain  (slo)  a  coalition 
with  a  nagatiae  amlua  to  thair  mutual  benefit... 

■Coalitions  of  more  than  tao  persons  aaldoa  formed  exe9p^  by  being 
built  from  aaallar  ooaUtlona.  Further  ooalltlon  forming  aaa  usually  also 
a  matter  of  bargaining  betaean  tao  rather  than  more  groiqpo. 

"A  rastlt  of  these  tendenolas  aas  that  the  ooalltlon  most  likely 
to  fora  ams  the  tao-^iereon  ooalltlon  with  the  largest  value,  even  though 
this  wCsUtlon  did  not  alaays  represent  the  greatest  net  advantage  for  the 
partlolpantsi  and  in  tha  Interest  of  speed,  this  ooalltlon  usually  split 
evenly.  Thus  It  fraquwtly  happened  that  the  player  alth  apparently  tha 
saoond  hlghaat  advantage  got  the  moat  of  the  bargaining.  Tha  player 

alth  the  apparently  hli^wat  Initial  advantage  aaa  moat  likaly  to  get  Into 
a  eoalitlon,  but  ha  uatmQly  did  not  get  tha  larger  ahare  of  the  proceeds  of 
tha  ooslitiono 

■Initially  tha  playsirs  aara  acre  inellnad  to  bargain  and  aalt  or 
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iavlt*  eo^pvtioc  attmrm.  And  thl*  rt— Imrl  tm*  to  mcmm  «xt«nt  In  tho— 
casM  itero  tbo  sitiiAtlon  did  not  mppmr  to  bo  sgraMtrlo*  Howoot,  lator 
and  In  thooo  cobm  ohieli  ooro  obvlonol^r  ■grtMtrlo,  tho  bode  ■otl'vo  ou  to 
o-veld  bolnc  loft  ont  of  o  eoalitian*  Roaoo  thoro  ooo  Uttlo  borgolnint,  and 
tbo  tondanoar  oms  to  try  to  spook  as  qolaklor  as  peodblo  aftor  tbo  naplro  oaid 
'go,'  and  to  ooneltido  aoao  aoart  of  deal  lasodiatolj'*  Bran  In  a  gano  idilob 
sas  stratogloaUy  oqolvalont  to  a  ■ynaotrio  gsao,  tho  plagrtrs  did  not  fool  so 
ro^Md.  «•  ooDld  gnoss  that  this  oas  booacso  sons  players  fdt  thsx  wero 
bottor  off  than  tho  others  ehothor  or  not  they  got  Into  ooalltloas»  ehllo 
othora  folt  that  they  aero  eorse  off  ehothor  or  not  they  got  Into  coalitions* 
They  seensd  to  pay  little  attention  to  the  fact  that  the  not  gain  of  tho 
coalition  oas  the  oane  to  all*"  £6,  p*  15-16^ 

"Personality  dlfforenoos  batooon  the  players  wore  oeerywhero  in 
ovldonoo*  Tho  tendency  of  a  player  to  get  into  ooalltions  seened  to  have 
a  high  correlation  with  talkatlTsaoss*  nroquently,  ohon  a  coalition  foneed^ 
its  nost  aggressive  aenbor  took  charge  of  future  bargaining  for  the  coalition* 
In  aany  casoe^  agiprosslveness  played  a  role  oven  In  the  first  fomation  of 
a  coalition}  and  eho  yelled  first  and  loudest  after  the  uiqpire  said  'go* 

■ado  a  differonoe  In  tho  outcoBO* 

"In  the  four-person  games.  It  soeaed  that  the  geonstrleal  arrangeoent 
of  tho  players  around  tho  table  had  no  affect  on  the  result;  but  In  the 
five-person  game,  and  especially  in  the  seven-person  game.  It  beeaaw  quite 
ii^Mrtaat*  Thus  In  the  five-person  gauss,  two  players  facing  each  other  across 
tho  table  were  quite  likely  to  fora  a  coalition}  and  in  the  seven  person 
gano,  coalitions  were  between  adjacent  players  or  groiqis  of  players*  In 
general  ".o  the  number  of  players  increased,  the  atmosphere  'heoame  sore  con— 


foMd,  aor*  haotlo,  and  laaa  plaaaaat  to  tha  subjaota.  lha  plaTS  of  tba 
aavan-paraoD  geaa  aara  alJ^(do^  aiploaloca  of  ooalltlooe  foaraatloo* 

*In  ^>lta  of  aa  affort  to  inatiU  a  oo^ilatalT'  aalfirti  and  oo^patl- 
tlaa  attltnda  in  tha  plagrara,  thqr  fxaqaaotljr  took  a  fairly  cooperatira  at- 
titoda*  Of  oonrsa,  thia  aaa  qoita  funotiooal  in  that  it  halghtanad  thair 
ohanoaa  of  gatting  into  eoalltlona.  Infoomal  agraaaonta  ana  alaBya  hoDorad. 
Thaa  It  aaa  fraqoantly  mdaratood  that  tao  plagrars  aonld  atink  togathar  avan 
thooBih  no  eonaLtnant  aaa  laada.  Tha  tao>paraan  onaaltaanta  ahleh  aara  aada 
aara  nearly  alaiya  agraaaanta  to  fom  a  coalition  with  a  epaelfiad  apUt  of 
tha  proflta,  unlMa  a  third  playar  oonld  ba  attraotad,  in  ahioh  oaaa  tha 
payoff  aaa  not  apaolflad.  This  laft  open  tha  poaaibllity  of  orgnaant  after 
a  third  party  aaa  attraotad»  but  suoh  argnaant  nerer  devalopad.  In  faot»  tha 
8pllt-tha-41ffaranoa  prinolpla  aaa  alaaya  applied  is  suoh  oases.*  £6,  p.  16-173 
Ha  hasa  quoted  at  suoh  length  for  thrvw  reasons,  first,  it  is 
iaportact  irtwn  evaluating  the  rasulta  that  tha  reader  have  sons  flavor  of  tha 
procadura  and  of  tha  parfomanoe.  Second,  it  is  intarsstlng  that  the  coalition 
changes  eera  affactad,  in  tha  early  stages,  one  person  at  a  tine,  and  in  tha 
later  stages  by  one  snail  coalition  Joining  with  another.  Third,  certain 
aspects  of  the  sxpeiiaental  prooadura  seam  undesirable  and  could  easily  be 
elisiinatada  Tha  geometrieal  effects,  though  possibly  Interesting  in  sons 
iq>plleation8,  are  not  desirable  in  a  study  of  huasn  response  to  charaoteristle 
function.  To  eliadnata  this  one  aigbt  eeploy  telephone  oomnunioation  or  a 
variant  on  the  Bavelaa  partitioned  table  for  aaall  gjeovp  etudies  {[3l  « 
latter  would  raq,ulre  the  use  of  written  awseagas,  idiloh  incidantally,  would 
give  a  penDanent  record  of  the  bargaining.  It  would  have  the  slowing  effect 
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that  aagr  arlttan  eoaatmioaticxi  baa,  but  it  ia  not  olaar  that  this  aotild  ba 
a  dLsadTantaca  In  this  eaaa.  Forthar,  in  tha  aaall  group  work  it  aaa  obaaraad 
that  a  high  dagraa  of  anooTHity  waa  pgaaarrad,  and  thia  night  allow  nora 
ruthlaaa  ooag>atltion  than  waa  bfatainad  at  RAND. 

Each  4^>peraan  gaata  waa  plajad  al^t  tiaaa,  a  total  of  aig^t  aub- 
Jaota  baing  anplcyad.  Changaa  in  tha  playara  ware  aada  for  aaoh  play  so 
that  pamanent  ooalitiona  would  not  tand  to  form.  The  data  prasantad  in 
Figs*  6  and  7  ara  adapted  fron  £6l  In  the  aanae  that  we  have  addad  what 
atahility  theory  would  prediot  tha  payneota  should  be»  Probably  tha  nost 
atriking  fact  in  tha  data  is  the  diffaranoa  between  S-^uivalant  gaaaai  it 
is  olnar  that  the  subjaots  had  not  gotten  to  the  logioal  base  of  the  la&tter. 

As  far  as  pradioticm  goes,  the  Shaplay  walue  and  the  quota  (which  is  the 
iapntation  of  tha  W^-etable  pair)  ara  identioal  in  the  sytaoetrio  gaae 
(Fig.  7}  and  nearest  to  the  eyDsaetrio  (reduced  form)  presentation  of  that 
gaoe.  For  tha  non-eynaaetric  game,  tha  ‘value  axid  quota  differ.  The  latter 
is  reasonably  near  tha  reduced  font  presentation,  but  not  at  all  near  tha 
S~equi'*alent  form}  the  reverse  is  true  of  the  value. 

They  also  present  data  on  the  coalitions  idtleh  actually  fonaed  in 
each  play  of  the  gaa«.  By  l^-stabillty  theory  one  erqpaets  {A,B,c}  to  form 
in  the  mill  iijiinwfi  lii  game}  this  actually  occurred  on  only  two  out  of  eight 
trials.  It  is  predicted  for  tha  synaairic  case  that  no  noo-tri'vial  coalitions 
will  fora,  or  one  grand  one.  Thia  occurred  only  once  in  eight  trials,  but 
In  three  other  trials  two  OEqposlng  two-slement  coalitions  formed  and  aero- 
payments  for  s'veryone  were  agreed  upon.  Four  times  a  three-element  eoslltlon 
formed,  and  the  Isolated  player  was  given  ▼({!})  and  the  others  divided  -'v({i]^) 
with  oonslderable  disorislnatlon  against  the  third  addi  tion  to  ‘the  ooalltlon. 
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=  73  =  J»  72  =  0 


T^'ese  figures  have  been  ndapbed  froo  RAND  Corporation 
Ifeioorandua  Rli>948. 
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c  ^ 

mxomp^  in  one  cabs  when  tha  three-oltMOt  eoall^lon  ms  tcrmmA  wlthoot  a 
two-eXanant  intexwedlata  stage. 

As  wa  auggestad  the  quotation  p^MOtad  at  the  beginning  at 
this  saetlon,  these  authors  did  not  know  ahat  the  ran  ffaimann  Morgan  at  am 
theory  asserts  in  such  an  experluMot,  and  so  essentially  no  eoaparison  aas 
possible. 

It  will  be  reeallad  that  Ifilnor  (III.6.3)  defined  reasonable  botinds 
for  the  payoffSj  and  the  data  were  oos^tared  with  these.  Only  ones  In  the 
4<-person  ganies  did  one  player  get  as  nueh  as  or  more  than  the  bound  b(i}, 
but  in  Dost  of  the  plays  at  least  one  set  S  received  more  than  the  upper 
bound  d(S).  It  was  concluded  that  "...the  function  d(S}  seeeM  to  have  no 
relativn  with  the  way  the  game  was  setually  plsyed."  p.  27]]  Coaparlson 

with  the  lower  bound  1(S)  was  not  eade  except  In  the  7-peraon  gaee  (which 
was  seriously  Influenoed  by  the  eaqjerlaental  oondltions).  Thie  gaae  was 
constructed  so  that  there  was  a  von  Neumsnn-lforgenstem  solution  giving  a 
set  S  less  then  l(S},  but  it  was  found  that  in  both  plays  of  the  gaae  osoh 
set  S  actually  got  at  leant  1(5). 

Certainly  this  ejqperlment  cannot  be  ocnsldered  to  be  emoial.  It 
is  clear  that  the  results  do  not  ooineide  exactly  with  any  present  theory, 
but  it  is  questionable  how  much  the  outeooe  was  influenced  by  the  experl  nwi tel 
*««ihaiqae*  One  senses  from  the  report  'Uiat  the  tine  pressure  was  hi^, 
which  ae^sns  to  be  eppo»*»,1  tc  tS*??  aasuiiption  in  the  theory  of  alaost  all- 
knowing  players.  Fnrtheroore,  the  geonwtriei»l  sbat*icX«cs  ^oclltlon  forma¬ 
tion  are  oertalnly  not  a  i«*rt  of  the  theory,  though  this  renark  aay  not  » 
to  the  4-pe2'son  gases.  More  algnlfiosnt.  end  probably  generally  true,  la  - 
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obMrrmtion  that  the  anbjaets  do  not  always  raspood  to  tha  atrataclc'  ooo- 
aaqoanoea  of  tha  eharaotarlstio  funetion  alona«  bet  a'ttlaea  to  ita  aoda 
of  praaantatlaa  as  wall.  Va  shall  ratun  to  this  point  in  tha  naxt  saotion. 

Tbeaa  laat  oo— ants  ralaa  tha  ahola  problaa  of  ahat  axparlnanta  and 
axparlaantal  prooadcraa  will  bo  eonsldarad  aooaptabla  lasts  of  tha  thaorlas. 
'Willa  It  aoeaH  laposslbla  to  glva  an  axaet  prasorlption  of  a  good  aa^arlasnt 
In  this  or  angr  othar  selaneo,  it  is  oftan  possibla  to  assart  that  oaa  faaln 
a  oartaln  prooadnra  is  not  tha  bast  possibla^  and  this  is  ahat  aa  hava  dona. 
Any  daapsr  oonsnts  aiU  lead  us  into  tha  knotty  prbblSD  of  tha  ralatlonatiip 
of  tbsoxy  and  aaqiarlnent  and  this  is  cot  tha  plaoa  for  suoh  a  disoosslon. 

7.2  4  Mrthga  £sc  starirttilffttg  ryarttoc 

la  have  pointed  oat  aarlisr  that  tha  tao  oajor  datarrants  to  apply> 
ing  n-parson  thaoxy  to  real  cdtuatloua  baas  boon  tha  lack  of  an  Adaqoata 
dasoxd.ptias  thaoxy  based  on  the  charaoterlstlo  function  and  tha  praetloal 
impossibility  of  datamining  the  eharaotarlstio  fonotion  of  an  existing 
sitoatioB.  Tha  latter  diffioul'^  staas  froa  tha  fact  that  tha  only  any 
known  to  obtain  tha  oharaoteristic  function  is  to  asoartain  tha  nomal  foara 
of  tha  gans  and  then  to  laka  elaborate  oalcnlatlons  involving  tha  dnlwax 
thaoraa.  Not  only  is  it  naxt  to  Inposslbla  to  find  the  nomal  fom  of  a 
gaaa  in  an  sltcstion,  bat  oonsidaring  tha  billions  of  stratsglas 

available  in  any  reasonably  ooii9)lex  sitnatlon  the  ninlwax  thaoraa  oaloula^ 
ticxMi  would  be  o<Mq>letaly  iaqpraotloolo 

Om  wQodarSf  tharafora,  vdiethsr  there  are  eaplrloal  teohnitpies 
«bloh  oaa  be  used  to  obtain  an  approziaation  to  the  oharaeterlstio  function 

One  suggastionji  offered  by  Adans  and  one  of  tha  present  authors 
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!•  baMd  on  tli«  ^oUoHlDg  sljqpl*  IdMt  k  fllMjmr  la  raqulrad  to  roport  hi* 
praforoBOM  batwaau  polra  of  posalblo  eooUtioaa  of  plagrars,  th«««  pr«f«r- 
•DOM  to  bo  booad  OQ  hla  oonoeptioo  of  tholr  relatlro  atrangtha*  (Tho  defini¬ 
tion  of  prefarenoe  arlU  be  dlacuaaed  oore  felly  below.)  No  esanqitioo  la  eada 
that  he  knoee  the  underlying  nonnl  for*  of  the  gaae  or  the  gane  theory 
analysla  of  It,  but  rather,  hla  reepooiM  la  baaed  on  hla  enbjeetlve  OTBlua- 
tlona  of  eoalltloQ  atrength  -  on  the  evaluatlona  which  p^'estaaebly  gowem 
hla  behawlor.  If  theae  ewaluatlona  aatlafy  the  von  Kernaann  Mnrgeoatem  utility 
axiona  [2l3  and  one  other  plausible  asloa,  then  there  la  a  faally  of  aet 
funotlona  whloh  are  cloaely  relatad  to  the  utility  functions  detarodiMd  by 
tte  woo  Heuwann  Morgenatem  axiona  and  idileh  aatlafy  the  tao  eondltlooa  of  a 
characteristic  function. 

Before  preeentlng  the  datalla  of  this  proposal,  let  us  briefly 
auaearlse  the  won  Neuansn'^terganstem  utility  axlcos.  Let  k  denote  a  aet  of 
altematlwes.  If  R,  SCI  and  If  0  <  of  <  1,  let  <^R,  (I-!- o<  )S^ 
danote  the  prospeot  "alteroatlws  R  with  probability  o(  and  altematlwa  S  with 
probability  .1-  o(  .«  Starting  with  A  generate  all  the  possible  risk  alter- 
natlwsa  of  the  fom  ^1R,(1-  of  }s^  and  caai  the  resulting  set  K.  K  is 
closed  In  the  sense  that  If  R,S€K  then  ^e(R,(l— •(  )S^6K»  ffs  suppose 

that  an  abstraot  binary  relation  ^  is  defined  ower  K  (whlehws  ehall  ultl- 
aately  treat  as  a  pref  erenee-or^indlfference  relation,  so  that  if  R  S, 
whera  R,SCX,  then  the  person  lig)Osing  on  K  either  prefere  S  to  R  or  is 
Indifferent  between  S  and  R.)  If  both  R=^  S  and  S  R,  then  we  write 
R  S  (end  we  eay  R  Is  Indifferent  to  S).  If  R  S  and  not  R  S,  then 
we  write  R  — ^  3  (end  we  say  S  le  strlotly  preferred  to  R). 
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The  reletion  — {  Is  Mid  to  Mtiafy  the  too  NeusanD>J(orcenBt«xn 
t;tllit3r  axlofie  if  it  Is  a  sliqijle  carderlng  of  K  aad 

1.  If  R S,  then  R  < •< R,(l- •<  )S^ 

2.  If  R  >-  S,  than  R  i—  ^  R*(l- ot  )s'> 

3*  If  R  T  — {  then  theore  exists  sn  <  such  that  ^  R*(l-  o( 

4*  if  R  y-  T  >*~S,  then  there  eociats  an  e(  soeh  that  ^o(  R^(l-  a<  }S^^T 

5.  <o<  R,  (1- e<  )S> <(1-  •<)S,olR> 

6.  ^p<<4R,(l-oC)S^  s<^  )S> 

7«  if  R  /V  S,  than  for  any  o(  and  for  aBgr 

<o<  R,(lr.  <K  )T  >  /V  S,(l-  0^  )T^ 

If  — ^  Mtlafies  thoM  axiaas*  then  it  oan  be  ahoen  that  there  exiats  a  faaily 
U(  — ^  )  of  foostions  frcHB  K  into  the  real  nnnbers»  called  utility  fnnoticns, 
such  that  each  u£U(  — ^  )  Mtlafies  the  foUoeing  two  conditions  for  ewery 
R  and  SCK  and  0  <  <K  <  1» 

1.  R  S  if  and  coly  if  u{R)  <  u(S), 
and  U.  u(  ^  •<  R,(l-  o<)S  >  )  =r  o<  u(R)  +  (1-  o<  )u(S), 

Fortherw're,  it  oan  be  ahown  that  any  two  aaaibers  of  U(  — ^  )  are  linearly 
i*ttlated* 

How  Bi^pose  we  have  a  gane  situation  Involring  n  players  and  take 
a  to  be  the  set  of  all  subaets  of  i»«e,  all  possible  ooalitlons.  K  la 
than  the  sat  of  risk  altematlTM  genorated  fron  k,  a  typical  one  being 
"coalition  R  with  probability  <  and  ocelition  S  with  probability  1-  e( 

An  observer,  possibly  one  of  the  playrrs  of  the  gsoa,  is  to  report  his  prefer" 
er.s«9  for  all  pcsslble  paira  of  rie*;  situaticna  (R,S},  idtere  R,SCK*  under 
the  following  assumptions  t 


1.  if  IM  ohoosea  "ooalltlan  T  with  probwblUty  "  then  with 
prob«bllit3r  o(  he  will  reoelwe  the  total  peywept  that  T  obtains  tram  the 
situation  In  which  -T  fane  a  ooalltlon  and  the  gaae  la  played  between  T 
and  -Tj  If  he  ehooaea  the  eepty  eat,  he  wUl  neither  win  nor  lose. 

11.  If  he  ehocaea  R*(l-  )S^  then  he  has  ohoeen  R  with 

probeblll'^  o(  and  S  with  probabllltgr  1—  >  where  these  expreeaiona  are 

defined  In  1. 

Let  denote  the  preferenoe  relation  so  induced  on  K. 

IntultlTely,  it  does  not  seen  unreasonable  to  suppose  that  a  eon- 
slsteot  evaluation  of  coalition  strength  should  cause  to  satisfy  eaoh  of 
the  von  Heiiimnn  "Morgenstem  axioms.  Iblle  it  is  unreasonable  to  eapeot  that 
people  will  be  so  oonslstenty  one  nay  hope  that  in  sone  eases  they  will  be 
approxlaately  consistent,  in  other  rords,  that  our  wodel  of  a  player's  sub* 
jeotlve  evaluatlmi  of  ooalltlon  strength  Is  approxlaately  correct. 

Furthemore,  if  R  and  S  are  two  nou-overlapplng  coalitions  in  A, 
then  R(J  S  Is  at  least  as  strong  as  R  and  S  separately,  hence  the  alternative 
of  reoalwing  the  proceeds  of  R(js  with  a  probability  of  i  and  not  parti¬ 
cipating  with  a  probability  of  i  Aoold  be  no  less  appealing  then  the  alter¬ 
native  of  receiving  the  proceeds  of  ooalltlon  R  with  a  probability  ^  and 
receiving  those  of  S  with  a  probablU^  of  If  this  Intuition  Is  correct, 
then  we  s^  asstme  the  further  axiom 

8.  If  R,S€  A  and  RQ  S  =  |),  then 

i8>  <J<rU  S),  4^)^  . 

The  assujqjtion  that  — {  satisfies  axioms  1-7  implies  the  exletenos 
of  the  set  0(  -{  )  of  utility  functions.  If  u€U(  — ^  ),  then  define  C(tt)  to 
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b«  tiM  aet  of  all  a«t  funetlooe  of  tha  fona 

t(S)  =  o  rii(S)-o(4)l  +  ]EZ 

^  ‘  1€8  ^ 

abaro  e  la  a  poaltlra  ooostaat  and  tha  a^'a  ara  eooataata.  It  eaa  ba  arenad 
that  tha  ftnotlon  with  o  s  1  and  a^  =;  O  la  a  iaiaasrleal  rapf a  aantation  of 
tha  strcQcth  of  ooalltloaa  aa  daaoribad  tax  tha  ploxx^  throoch  tha  prafaranoa 
ralatlon.—^  .  Vara  than  that«  tha  foUoaiinc  thaorana*  ean  aaailx  ha  poroaadt 
!•  If  than  t  la  a  oharaotarlatle  fnnetloii) 

11.  If  ▼€C(ii)«  than  r*^Clm)  If  and  oolx  ^  ▼*  ara  S-aqnlvalanti 

111.  If  a,  o'€n(H  )•  than  C(a)  s  C(ii*). 

In  iNirda,  it  doaa  not  aattar  ahloh  etlUtx  faaoftion  aa  naa  froa  U(  )  for 
thax  all  ganarata  tha  aaan  aat  of  fonotlona,  C(a)^  ahtoh  aat  conalata  axaotlx 
of  ona  of  tha  aqalaalanoa  olaaaaa  of  S>aqiilaalant  etaaraetarlstle  fwictlona. 

In  addition  to  tha  Intoitlva  arguaant  that  a  noabar  of  C(n)  repra- 
aanta  tha  obaarvar'a  aaalaatlon  of  ooalitloa  atraogthf  ona  oan  ahoa  that  If  ha 
knowa  tha  gaaa  atmctora  of  tha  altaatioo  and  If  ho  taaaaa  hla  aaaluatlon  on 
that  knoaladga,  than  tha  raaultlng  oharaotarlatio  fonotiona  ara  S-«qulaalant 
to  that  of  tha  gaaa.  Spaolflcallj,  tha  gaaa  la  knoan  In  nomal  fora 

amt  that  tha  eharactaxiatlo  f  onotlon  t  la  datamlnad  tax  tha  nathod  glaan  tax 
Ton  Wwaainn  and  Morganater  Qzi3  •  1*^  ^  axtandad  from  A  to  E  tax  tha 

foUoarlng  daflnltlon 

V(  ^  o<  R,(l-  o<)S  ^  =  a^  t(R)  (1-  o<  MS). 

*  It  la  not  dlfflouLt  to  ahoa  that  ii*9  aaae  theorena  obtain  If  tha  peraon  Inpoa- 
lz«  tha  relation  aaauaaa  ha  alll  raoalTe  the  arerafte  Talna  of  the  pmjmeiAB  to 
plaxera  In  the  ocalitlon  of  hla  ohdoe  provided  axlon  8  la  replaced  tax 

8'.  For  a«xR,3€A  ai»hthatRrV»«4.  RUs5p— 

(|R|  ~  mabar  of  alenanta  In  R)*  and  irorldad  the  olaaa  of  oharaetarlatle  fonotiona 
le  defined  tax  I 

t(P)  =  c{r(  + 
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Let  the  observer  determine  acsording  to  the  rule 

R  S  If  and  only  if  v<R)  <  v(S)o 
It  is  easily  shoim  that  satisfies  axioms  1-8  and  so  a  set  C(u)  of  char¬ 
acteristic  functi<»i8  is  determinsd;  v  Is  one  of  the  elements  of  that  set* 

This  procedure,  therefore,  gives  a  possible  method  of  determining 
V  idiere  either  the  normal  form  of  a  game  is  not  knotm  or  it  is  far  too  dif¬ 
ficult  to  determine  it  and  to  carry  out  the  mini  max  theorem  calculations  * 

The  amount  of  labor  required  is  exactly  the  same  as  that  needed  to  determine 
the  utility  function  approximately  in  an  ecQ>irical  ease  having  a  con^xarable 
number  of  alternatives;  see,  for  example,  Hosteller  and  Kogee  {jl73  * 

There  need  be  no  relation  between  the  actual  characteristic  function 
of  a  game  determined  from  the  ncrmal  form  and  the  subjective  one  determined 
by  the  above  procedinre  using  human  subjects,  for  it  is  oeirtainly  not  obvious, 
even  for  a  person  aware  of  the  utility  functions  over  the  possible  outcomes, 
that  be  will  react  to  deductions  based  on  tbemo  He  may  react  to  his  evalu¬ 
ations  of  the  coalition  alternatives  more  or  less  Independently  of  his 
evaluations  of  the  outcoaes  in  normal  form*  But  if  this  is  the  case,  then 
it  is  a  player's  subjective  characteristic  function,  and  not  the  objective 
one  of  the  game,  which  actually  determines  his  behavior,  and  so  it  will  be 
needed  for  predictions  of  his  behavior*  It  may  well  be  that  this  would 
account  for  the  different  results  obtained  for  S-squlvalent  games  at  RAND 
(see  III *7.1) o 

A  second  and  more  profound  problem  is  that  there  is  little  reason 
to  suppose  that  two  different  players  of  the  same  game  will  yield  S— equivalent 
characteristic  func:tioneo  If  this  is  the  case  then  none  of  uiie  present  theories 
is  applicable*  It  is  an  open  problem  to  devise  theories  for  the  seemingly 
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■or*  reallatic  assumption  that  each  player  acts  upon  his  own  subjective 
characteristic  function.  It  seeas  plattslble  that  a  theory  similar  to 

-stability  can  be  developed  desczd-bing  the  payments  and  coalitions  ehioh 
may  be  expected  when  there  la  a  different  characteristic  fvmction  associated 
elth  each  player.  In  addition,  it  would  be  desirable  to  modify  the  notion 
of  the  normal  form  of  a  game  in  such  a  way  that  one  can  derive  from  it  a 
distinct  characteristic  function  for  each  of  the  players.  Such  a  theory 
should  Include  as  a  special  case  the  von  Neumann  and  Mbrgenatem  reduction 
of  the  noraal  form  to  a  single  characteristic  function.  One  possibility 
Is  to  essume  that  each  of  the  players  has  hla  own  utility  funoti(»i  over 
tha  possible  outotmMS  and  that  he  has  beliefs  as  to  the  utility  functiins 
of  the  other  players,  beliefs  v^cb  in  general  will  be  In  error.  This  as- 
aaq)tlao  results  in  an  objective  normalized  game  and  for  each  of  the  players 
a  fictional  gaae  uhlch  Is  the  one  he  believes  to  exist.  Ass'.aing  each 
player  responds  only  to  his  beliefs,  there  Is  associated  with  each  player 
the  characteristic  function  of  the  fictional  game.  If  each  fictional  gaaa 
la  identical  to  the  actual  game,  then  the  theory  reduces  to  the  von  Neumanc 
and  Horgsnstem  onso 

In  addition  to  tbs  above  theoretical  developments,  the  proposal 
suggests  at  least  two  eiq>lrlcal  studies.  First,  a  modified  version  of  the 
RAND  euqperisent  (sea  1II.7.1)  sboi^d  be  executed  in  which  the  subjective 
characteristic  functions  of  the  players  are  determined.  Not  only  would  this 
be  Interesting  in  and  of  Itself,  but  It  would  provide  inexpensive  expsrienee 
with  the  technique  of  determining  such  functions.  Second,  If  the  first  stxady 
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goes  nvll  and  adaqoata  sxparlansa  la  gained,  then  the  aetbod  ahoold  be  applied 
to  aoBie  exlatlng  eonfUct-of-lntereat  altuatlon  aixl  an  atteopt  ahoold  be 
aade  to  predict  the  equiUbrloni  btfiavlor  uaing  the  variona  n-peraon  theorlea. 
Freaomably,  the  altuatlon  choa«n  should  be  conq^aratlTely  siig>le  and  aelf- 
cwitalned« 


8.  Conolodlng  Reearka 


Probably  'ttie  noat  significant  feattire  of  general  gaaws  la  the  pos¬ 
sibility  of  comsonloatlon  and  oollualan  amcnig  the  players^  and  it  ia  the 
atteapt  to  dsd.  with  this  probles  In  n-peraon  gam  theory  which  nakes  it  soeh 
a  rich  poaelblUty,  and  certainly  rich  didactically,  for  the  social  selenoss. 
The  aoat  slgnifioant  features  of  the  theory  -  or  rather  of  the  seweral  thecries 
we  haws  presented  -  are  (1)  the  equillbriOB  (and  not  dynaaie)  character, 

(2)  the  simple  foraallsatlco  of  coalition  strength,  (3)  the  inadequate  foraa- 
liaaticn  of  coalition  forsation,  and  (4)  the  a^isq>tion  of  so-called  "rational” 
players » 


Essentially  three  different  approaches  to  coalition  forsation  haws 
been  presented.  Nash  has  treated  the  problem  in  ehich  no  ooracunleation  - 
and  so  no  coalitions  -  can  occur,  by  extendinig  the  notion  of  an  equllibriuB 
point  from  2-perscn  theory.  He  has  argued,  but  not  co^letely  oonrlncingly, 
that  Introducing  coomunloatlon  and  bargaining  as  forsal  moves  of  the  gams 
allowB  ooopexatlvre  games  to  be  Included  within  this  framework.  It  ia  not 
clear  how  tills  should  be  done,  but  even  if  It  were  clear.  It  might  not  be 
adequate  for  social  science  if  no  explicit  theory  of  coalition  formation 


resulted.  Nooetheless,  an  8deq>Tiate  -Uieory  of  no»-eoop«rative  gaaee  oa^  be 
of  iB«>ortance  in  developing  a  et^oprehecaive  theory  of  oealitiui  formation 
(see  problem  no.  9  of  III. 8.2). 

The  other  two  approaches  were  boUi  baaed  on  the  eharaoterlstlo 
function  form  of  a  game  idiich,  as  we  pointed  out,  is  really  maoh  mosre  geamra} 
<^hATi  the  normal  fora.  In  these  theories  the  strength  of  eoali.tiona,  ae  give 
by  the  characteristic  function,  ie  used  to  delimit  the  set  of  iiqxxtations 
whloh  may  be  e3q>ected  to  occur.  The  topic  which  has  received  the  most  ex¬ 
tensive  study  is  the  von  Heumann-lforgenstem  solution,  which  is  a  set  of 
i^utations  "stable"  with  respect  to  ^e  dominance  relation.  It  is  eharaote3v 
istie  of  this  theory,  and  of  the  work  of  Bilnor,  Shapley,  and  Vickrey  along 
the  aams  linos,  that  only  the  payments  are  prescribed;  no  explicit  indication 
of  the  resulting  coalitions  is  given.  Indeed,  the  stability  of  a  solution 
z^sts  not  so  much  on  the  existence  of  coalitions  as  on  the  potential  of 
forming  any  needed  ooalitlon  if  an  attesqpt  is  made  to  achieve  an  ljq>ntatian 
not  in  the  solution. 

The  third  approach  deala  aiqplicltly  with  the  payments  and  coalitions 
which  together  are  in  equl.librlua,  but  a  significant  theory  seems  possible 
only  if  restrictions  on  coalition  change  are  made.  Essentially,  the  dynamic 
modal  underlying  the  eqoiUbriuia  theory  assumes  that  only  limited  chaises  in 
the  coalition  structure  can  be  made  at  any  one  time,  and  it  ctmparmo  the  pay¬ 
ments  already  agreed  Yq>on  with  those  which  can  be  guaranteed  by  the  coalition 
if  the  change  is  mads.  Hhlls  we  fesl  this  general  type  of  equilibrium  may 
prove  most  useful,  serious  objections  were  raised  tn  the  present  definition 
of  admissible  coalition  changes. 

In  each  of  these  three  approaches  an  equilibrium  notion  is  examined 


•nd,  am  mlmaym.  It  le  «n  basad  on  oantaii^lated  but  ucffiusov.ted 

changes  of  atratuglaa  in  Naah'a  work*  of  loq;>u(tation8  in  von  Nauaann  ei^ 

\ 

Iforgenatarn'a,  and  of  coalition  atructurae  In  Insa'a. 

It  la  frequently  said  that  the  thetxry  of  games  aaataaas  ratic<r<i2. 
men  as  players,  but  the  term  "rational"  is  not  further  explioeted^  Cr>e  Sa 
led  to  inagins  a  fantastii?  u&lc>£latar  ufeo  ulU  without  emotion  examine  all 
pcesibilltles  and  alwaya  choose  the  best.  Certainly  each  theory  doen  assuaw 
players  with  a  considerable  overview  of  the  structure  of  the  game  and  an 
ability  to  examine  all  possible  cases;  and  given  a  definition  of  "best*  then 
they  do  choose  the  best  course  of  action.  But  in  each  theory  we  have  •>  pos¬ 
sibly  iiqplleltly  -  made  assuBqptiona  about  the  exact  overview  the  player  has 
and  exactly  irtiat  he  shall  term  the  best  action.  The  fact  that  these  assoaip- 
tions  cannot  be  translated  one  into  another  indicates  that  the  word  ’rational* 
has  a  different  meaning  in  each.  Nash's  player  knows  all  of  the  strategies 
and  the  payoff  function,  but  vdien  he  conteBqplates  a  change  frcai  one  strategy 
to  another  he  assuass  that  only  be  will  change.  In  the  von  Neumann-lforgenstem 
theory  he  knows  the  oharaoteristio  function  and  has  before  him  at  all  tinea 
the  doninanee  relations.  In  the  stability  theory  he  knows  the  characteristle 
fioictian,  but  presumably  cannot  sas,  affect,  or  contemplate  certain  coalition 
changes;  but  within  the  allowable  changes  the  player  will  always  act  on  an 
assured  positive  profit,  no  matter  how  small. 

For  general  game  theory  to  play  a  vital  role  in  social  aolenea, 
two  modifications  appear  to  be  necessary.  First,  s  theory  should  be  developed 
idtieh  is  .  not  unlike  those  presented  but  with  scmewhat  mors  realistic  a88U!^> 
tlons  —  for  exa]q>le,  the  players  shobld  he  assumed  to  have  more  limited 
perceptions.  It  is  not  easy  hex*e  to  meet  the  demands  of  intuition  and  of 


m-103 


x'ljtSu-  inttiitiou,  ovil  itsmici  n^)o'v'‘&«d  tqr  paTvbolrsicil 

1.M  ^iot  Uio  ac£  s<>?c<id^  a  gr^^watleal  thaorx  lipoSM 

«»»sial:ai  ec«s;ldarnt.l.otu>  91'  arti'^lclv^f.  *:%#  Ixttar  fllter-r^d  not  ba  clitcsni<i''CMi 

to  rntmi  Tic  arroeta  ean  ba  oonaidarad  In  a  aattMaatleal  thaory 

(tha  dlaonaalop  of  oontaaporarj  thao«7'  ahoold  ha'ra  dlapallad  that  viaw), 
bat  rattaar  it  la  a  daaand  that  daflnltlcna  bo  so  rboaan  that  tliare  doaa  not 
rasolt  a  largo  ntadtor  of  spaolal  easss  ahioh  snot  bo  doailt  with  iodlvldoaUy* 
It  la  wall  to  kaop  In  Bind  that  gaoa  thaearjr  hao»  ao  tmvp  baan  alnoat  axoln- 
slaalgr  o  aothawatloal  aahjoet,  idiloh  has  raeolaad  approolatlon,  bvt  fav  eontrl* 
bttbloosf  frow  othar  than  aathaaotleal  olrelao. 

Soeond,  a  nodlfieatloa  of  gana  thaerjr  to  Inoltida  dynaado  aa  wall 
as  aqtElllharlaw  thaorlas  ahoold  ba  of  adds  lotaraat  and  taportanea*  It  aagr 
aacy  wall  bn  that  aost  aoooaadc  sltoatlona  ara  not  in  aqoUlboriia  bat  In 
b  prooaaa  of  iTjiwIn  ohango*  Thors  axw  din  Indioatlona  of  sneh  a  thaocy 
in  both  Violcray*a  notions  of  atrcog  and  wsak  sdlutiona  and  in  Loos's  work 
on  stability* 


8*2  Ooan  £ESd^2jM 

In  tha  ooorsa  of  oor  dlacosaion  wo  hawa  ralaod  or  snggestod  a 
madMT  of  problaoa  in  n-paraon  gaaa  tboory  whioh  at  the  praaont  tian  ara 
waolTsd  or,  in  nmy  oases,  not  aaan  adaquatoly  foranlatedo  It  nay  ba 
appropriata,  if  radundant,  to  aunwrlso  these  and  to  add  sevcnral  new  ones 
to  the  liato  It  la  hardly  necaseary  to  point  ovt  that  the  no.tore  of  this 
Hat  is  MTkadly  Infloenoad  by  the  resaaroh  interests  and  aotlTltiee  of  the 
authors}  ws  bad  an  active  isstarast  in  tha  theory  of  extenalve  gases  or 

in  the  atnd^  of  von  Nouaann-Vorganatwn  solutlona,  for  aacaaple,  there  la 
little  doubt  that  raora  problaas  in  these  arecus  would  he  included  in  the  1-.^*. 
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Other  authora  haw  praaenfd  llats  of  probiMw  ahiob  warm  adaquatalj’  oorar 
these  areas]  see  the  preface  of  referease  9*  rfiapter  IS  of  refercooe  13» 
aad  referecoe  lSi> 

The  probleaa  are  pet  In  three  elasseo  >  aathasiatioal,  eooeeptnal, 
and  empirical  -  bat  they  are  nnabered  ooosecutlTsljr.  After  each  proble« 
the  aeotloBS  of  this  report  ahlbh  appear  to  be  soet  releTaot  are  cited. 

MitiliiMiTil  nil 

1.  Proee  the  eodstenoe  of  a  ablation  for  eoeacy  n~peraon  gaM  or 
Sloe  a  eoanter  eicaa|>le.  (111.5) 

2«  For  wide  class  of  gaass»  diaraeteriae  directly  the  atrong 
solotlons  withoot  atteoptiiig  to  detemine  all  solotions  of  the  ganes.  (III.5.5) 

3.  Charaotertse  those  ganss  ohibh  are  unstable  (also  those  otiioh 
are  K^-onstable),  (III.6.1) 

A.  For  eerteia  "interestiag*  fsnotlens  t)»  characterise  those 
ganss  ohicb  have  at  least  one  -stable  pair  for  shioh  the  players  are 
partitioned  into  too  opposlxig  coalitions  (see  9  below).  (III.6.1) 

5.  For  certain  "interesting*  fnnetioos  *'^(  'C  )»  state  conditions 
under  whleb  on  Ispotatlon  of  a  -stable  pair  is  a  nesd>er  of  a  too  NeuBMun- 
Uorgenstem  solution.  (lllo5*  I1X.6.1»  IXl.6.3) 

SsB2SS$9|L 

6o  Pres«it  on  "sKtonsise"  theoxy  in  lAAch  the  teiqjoral  <u>derlng 
of  nores  is  not  specified  in  adsanee  and  idiich  is  a  sultablo  description  of 
aaay  eoononlc  situations,  just  as  the  present  extenslTO  fesm  is  a  description 
of  parlor  ganss.  Snob  a  theory  should  hare  a  natural  notion  of  "strategy" 
idiich  allows  a  redaction  to  the  conTentieeal  ncnmal  fom  of  a  game,  and  there 
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ihoold  b«  a  nattaal  apoelal  ou*  la  attleh  tladag  radosas  to  a  apaoiflad 
taaporal  ortlartac  and  ttaa  gaaaral  axtanalT*  fora  reduoas  to  tha  praaont 
axtonslTO  caaa.  (UlJt,  UU3*1, 

7.  Davlaa  a  saitabla  raduotloe  of  aagr  eocperatlaa  gUB  to  a 
noiv-oooparatlva  ooa  along  tha  llaaa  anggoatad  bf  It  may  aall  ba  that 

a  aolutloQ  to  alther  6  or  7  will  ba  a  aolvtlon  to  tha  othar.  (Hler  •^) 

8»  Darlsa  a  thaory  of  noo-eooparatlTa  gama  tshloh  la  aora  adeqmto 
than  that  baaad  on  tha  notion  of  an  aqoUibrlm  points  Thera  la  a  naed  for 
ooa  In  afaloh  tha  aquUlbrioa  atataa  are  aora  in  aooord  with  htaMn  behavior 
than  aaaaa  to  ba  tha  oaaa  for  tha  Naah  aqoilibrlaa  polntas  (IIIs3s2) 

9s  In  aangr  oaaaa  -aiabllltgr  theory  pradlcta  eqnilibrluB  statea 
in  ehloh  the  playera  are  divided  into  three  or  more  coalltionas  The  theory* 
hoeoTar*  la  baaed  on  the  oharaoteriatle  function  of  a  gaae  ahleh*  It  will 
ba  reoalled*  eaa  derived  aaauaing  that  a  coalition  will  alwaya  be  qppossd 
by  the  ooalltion  of  all  the  reaaining  players*  «cd  so  the  eatiaate  of  ooali- 
tlon  strength  le  oonservatlve  idaen  the  opposition  actually  oonalats  of  tuo 
or  aore  coalitions .  This  suggests  that  a  "characterlatic  funotlon”  should  be 
derived  uhloh  depends  both  oa  the  coalition  S  and  on  the  arrangenent  of  tha 
reea1n1n£  players  into  coalitions*  l.e**  a  ftmotion  of  the  fora  ^S,A.) 
wbmrmJ^  Is  a  partition  of  the  reewlnlng  players*  It  aesee  plausible  to 
eaq>eot  soae  fore  of  superadditivity  to  bold  again*  certainly  In  the  obvlour 
generalisatltm 

t(rUs),  [  ^  >  ^(R*[T^»T2.».o*T^,s3  ) 
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In  mddltlon,  it  ••mmm  rMBonabl*  to  si^poso  that  If  too  of  tho  oooUl  iooa 
lAiloh  oppoM  R  eooloooo,  thm  R  oil!  oortainaj-  not  bo  bottor  off,  l.t 

▼(R»  ^*’1*^2,,,.,?^'^  )  ^  I*i****»*i^l*’^141*«****j.X^*v^j^*  —  «*^^# 

tiUtjl). 

To  dorioo  tho  proporties  of  soeh  o  fnsotioa  from  tho  narMl  fora  of  <ho 
It  appooro  0000000x7-  to  haoo  a  oblntlon  to  prbbloa  8,  for  the  eaoo  a'  throo 
or  ooro  oppoolng  ooalltlons  ia  a  oon-eooporatlTo  gaao  with  ooro  too 

ploTors  (  =  ooalitlcoa).  On  tho  basla  of  ansh  a  aodlflod  ohaxaotorl  itle 
fonotlon,  rooonstmet  *>1^ -otabiUty  thooo7«  (1II.4,  II1.6*1) 

lOe  DotLso  a  djrnaide  thoocy  of  ooalitlon  and  iapotatlon  e.iax^ 
oliloh  la  In  tho  aplxd.t  of  '^-atabillty  thooxy  and  ohloh  hao  aa  Ita  >qal~ 
librlno  polnta  tho  o|r-atable  paira.  (m.6.1,  m.8.1) 

U.  UoTolop  an  oquUlbrloa  thoosy  ohloh  predlota  both  lapatationa 
and  coalltlono,  but  inatead  of  having  the  aharp  dlohotonr  oT  '^-^rto  olllty  thoory 
aa  gi-von  by  the  fonetion  ,  aaaooe  that  each  ooalitlon  S  hao  a  ontaln  pro¬ 
bability  of  being  oonaldered  aa  a  poaaiblo  ohange  uhoo  tho  playBX*a  oro  (tonta- 
tlToly)  arranged  according  to  ^  .  Proauoably  for  ooot  application*  one 
would  aaauiaa  the  probability  la  aaaller  tho  ooro  different  tho  coalition  8 
la  fron  tho  ooalltlona  of  ^o.(III.6,l) 

12»  Modify  the  aaauaptlona  about  tho  nomal  fom  of  a  gacn  00 
that  each  player  haa  liqperfect  Infonation  about  tho  utility  ftnotlioo  of 
the  other  playera,  doviae  a  reduction  procoaa  analogoua  to  tho  '-on  MoMann 
and  Uorganatom  reduction  of  the  nomal  fom  to  tho  charaotorlatlc  i'mietlon 
fomo  A  poaaiblo  aim  In  aueh  a  generalisation  would  bo  a  natural  mduntlon 
proooaa  loading  to  oaoh  player  having  hla  own  charactorlatlc  ftnotl  *1  on  tho 
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><»»<■  of  vhieh  .M  •Toliifttos  the  Mifttivo  ■trvogldM  of  diffsrontr 
(111.7^) 

13.  loradng  that  MOh  lOasrtr  has  hi*  am  oliMraotorlatSe  .-T^'y 
darlM  •qniUhi  !«■  thoorles  ableh  predict  latpntotl  nui  and  coalition 
and  ehieh  radar  •  to  knonm  theories  ohen  the  eh««o';aristie  fnootionB  a> 

( 

aseoBod  to  be  <  he  soffit.  If  the  prograa  saggentad  in  12  does  not  resvaS- 
n  eharaeterisi;^  o  fwetionSf  devise  a  tbaatj  of  pa^^nents  and  eoalition  /J 
tiona  on  abate'  er  does  resolt.  (III.7.2) 


14.  Devise  eaqperi— itsl  teehnlqaes  to  estimate  the  nnbjeo^i.'v^ 
ohareoterlstie  fonetions  of  the  diffeimt  plaarers,  anong  other  things 
detesBining  idt  jther  the  soggestioa  of  section  III. 7.2  is  snitable« 
(I11.7.2) 

15.  Check  the  predictions  of  the  varioas  theiories  hasedi  on  i 
characterietio  fonotion  for  soqNrlffisntal  sitaatioiHB  similar  to  the  RAJH] 
experiffisnt.  lais  prograa  shoold  be  very  closely  tied  in  with  the  s.olu'i 
of  problens  i;  and  U.  (III.5,  III.6,  II1.7.1) 

16.  Attsm>t  to  aake  predictions  regarding  the  eqnilibriam 
behavior  in  ei'isting  but  lisited  and  isolated  ecocoale  sitoationao 
leas  13,  14,  ind  15  probably  should  be  carried  out  first.  (Ill.Sy  IXX, 
III  .7) 


